
401-4627-00L: Empirical Process Theory and Applications

Lecture 09 – Uniform central limit theorems
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• Donsker class

• Sufficient conditions for Donsker class

9.1 Recall central limit theorem

Let X = R. We recall the central limit theorem in R.
Theorem 9.1.1 (Central limit theorem in R). Suppose E[X] = µ, and Var(X) = σ2

exists. Then

P
(√

n(X̄n − µ)

σ
≤ z

)
→ Φ(z), ∀z,

where Φ is the standard normal distribution function.

We use the notation
√
n
(
X̄n − µ

)
σ

L→ N (0, 1).

This theorem can be extended to Rr for r ≥ 1. Let X1, X2, . . . , be i.i.d. Rr-valued
random variables copies ofX (X ∈ X = Rr), with expectation µ = E[X] and covariance
matrix Σ = E[XX⊤]− µµ⊤.

Theorem 9.1.2 (Central limit theorem in Rr). We have
√
n
(
X̄n − µ

) L→ N (0,Σ).

9.2 Classical Donsker’s theorem

Let X = R. Recall the definition of the distribution function F and the empirical
distribution function F̂n:

F (t) = P(X ≤ t), t ∈ R

F̂n(t) =
1

n

n∑
i=1

1Xi≤t.
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Define

Gn(t) :=
√
n
(
F̂n(t)− F (t)

)
, t ∈ R.

It is an empirical process. We have point-wise central limit theorem as follows. By the
central limit theorem in R, for all t

Wn(t)
L→ N (0, F (t)(1− F (t))) .

Also, by the central limit theorem in R2, for all s < t,(
Wn(s)
Wn(t)

)
L→ N (0,Σ(s, t)),

where

Σ(s, t) =

(
F (s)(1− F (s)) F (s)(1− F (t))
F (s)(1− F (t)) F (t)(1− F (t))

)
.

The stochastic process Wn = {Wn(t) : t ∈ R} is called the (classical) empirical process.
What will be its limiting object when n tends to ∞?

Standard Brownian bridge Let K0 be the collection of bounded functions on [0, 1].
The stochastic process B(·) ∈ K0, is called the Standard Brownian bridge if

• B(0) = B(1) = 0,

• for all r ≥ 1, and all t1, . . . , tr ∈ (0, 1), the vector

B(t1)
...

B(tr)

 is multivariate normal

with mean zero.

• for all s ≤ t, cov(B(s), B(t)) = s(1− t).

• the sample paths of B are a.s. continuous.

Next, we consider the process WF defined as

WF (t) := B(F (t)), t ∈ R.

Thus, WF = B ◦ F .

Theorem 9.2.1 (Donsker’s theorem). Consider Wn and WF as elements of the space
K of bounded functions on R. We have

Wn
L→ WF ,

that is,

E[f(Wn)] → E[f(WF )],

for all continuous and bounded functions f .
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We also obtain asymptotic continuity. Suppose F is continuous. Then since B
is almost surely continuous, also WF = B ◦F is almost surely continuous. So Wn much
be approximately continuous as well in some sense. Indeed, we have for any t and any
sequence tn converging to t,

|Wn(tn)−Wn(t)|
P→ 0.

9.3 Donsker classes

Just like how we extend the classical Glivenko-Cantelli theorem to GC classes, we
introduce Donsker classses for a general class of functions. Let X1, . . . , Xn be i.i.d.
copies of a random variable X, with values in X and with distribution P . Consider a
class F of functions f : X → R. The population mean and the empirical mean of a
function f is respectively

Pf := EX∼P [f(X)], Pnf :=
1

n

n∑
i=1

f(Xi).

The (rescaled) empirical process indexed by F is

νn(f) :=
√
n(Pn − P )f, f ∈ F.

Note that pointwise for a fixed f , we have

νn(f)
L→ N (0, σ2(f)),

where σ2(f) = Var(f(X)), by the central limit theorem. Additionally, the central limit
theorem also holds for a finitely many f simultaneously. That is

νn(f1)
νn(f2)
· · ·

νn(fr)

 L→ N (0,Σf1,...,fr),

where Σf1,...,fr is the covariance matrix

Σf1,...,fr =

 σ2(f1) · · · σ(f1, fr)
...

. . .
...

σ(f1, fr) · · · σ2(fr)

 .

Next, we define the limit object for the class when n tends to ∞.
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P -Brownian bridge Let ν be a Gaussian process indexed by F. Assume that

• for each r ∈ N and for each finite collection {f1, . . . , fr} ⊆ F, the r-dimensional
vector is ν(f1)

...
ν(fr)


has a N (0,Σf1,...,fr)-distribution.

• The sample paths of f 7→ ν(f) are a.s. σ(·)-continuous.

Then we call ν the P -Brownian motion indexed by F.

P -Donsker class Consider νn and ν as bounded functions on F. We call F a P -
Donsker class if

νn
L→ ν,

that is, if for all continuous and bounded functions f , we have

Ef(νn) → Ef(ν).

9.4 Sufficient conditions for Donsker

YC — Not part of the exame TODO

9.5 Exercises

YC — Not part of the exame TODO
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