401-4627-00L: Empirical Process Theory and Applications

Lecturer: Yuansi Chen

Lecture 10 — Chaining, Dudley’s entropy integral and asymptotic

Fall 2025

ontinuity

Key concepts:
e Chaining
e Dudley’s entropy integral

e The role of asymptotic continuity

10.1 Recap

In Lecture 05 (Theorem 5.2.1), we established the sufficient conditions for GC class

based on covering numbers. It says that

Theorem. Suppose that the envelope satisfies
F € Ly(P),
and the covering number satisfies
%k@Nﬂ&&FmJgQV5>O
then

Hﬂ—P%ﬂO

In Lecture 09, we extended the above result to establish the sufficient conditions for

Donsker class.

Totally bounded + asymptotic continuity/equi-continuity = Donsker class.

In this lecture, we deal with two technical issues of these previous results.

e The naive application of the union bound in going from point-wise tail bound to

a tail bound on the maximum of N points might be loose.

e In many cases, it is a bit tedious to check asymptotic continuity /equi-continuity.

Fortunately, in many cases, Dudley entropy integral is sufficient to deal with both

technical issues.
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10.2 Intuition on why naive union bound might be
loose

Recall from Lemma 4 in Lecture 05. For a finite class § with cardinality |§| = N > 1,
Suppose that its envelope is bounded maxcs || f]|, < K, for a K > 0. Then

2(1og—N+t)) < 2exp(—t), V> 0.
n

P (HPEHS > K

This is obtained by applying a union bound over N point-wise bounds of the form,
obtained by Hoeftding’s inequality

P ( PI(f) > K\/%') < 2exp(—t).

Suppose that we have a d-covering, N = Ni(0,§, P,), then we need to choose

2(log N +t)
n

K =~ 0.

In typical scenarios, N ~ (%)d, where d is the number of parameters. Then to balance
the two terms

dlog%

versus. 0,
n

we would have to choose ¢ of order 4/ dl‘;g ¢ which results in a final bound of order

dlogd

~==. However, for simple linear regression with Gaussian noise a bound of order

d
There must be something loose in our proof, especially the application of union
bounds. Can we save this extra log factor?

is expected.

10.3 Chaining

The chaining technique provides a multi-resolution way to apply union bounds. We con-
sider the symmetrized empirical process and work conditionally on X = (X3,..., X,,).

Define the empirical norm || f{|,, := /P, f? and the empirical radius R, := sup;cz || f|,,-
While the framework extends to general classes, for convenience, we index the functions
in § by a parameter € ©: F = {fp,0 € O}.
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Let s € N be the resolution parameter. For s = 0,1,2,...,, let {fj};isl C § be a
minimal 27° R, -covering set of (§, ||||,,), with Ny = N2(27°R,,,§, P,). By the definition
of covering, we have that for any 6 € ©, there exists a f; € {ff, cee fji,s} such that

1fo = Fll,, < 27° R

At the lowest resolution, s =0 We may choose f§ =0, since || fol|, < R,.
Pick the highest resolution level S € N.

At the highest resolution, S +1 We have a covering { S fer }

Nsi1
Consider a fjs 1 We define the “chain” to go from the highest resolution to the
lowest resolution recursively.

At the second-highest resolution, S Define the closest member at resolution S to
fJS *1as follows

s = agmin {57 = ] The (57, 03}

At any resolution s € {0,...,5 — 1} Define the closest member at resolution s to
the one at a higher resolution,

flg = argmhin{\\f;gl —h|| |he{f.... ,ff\,s}} .
This gives us a chain to represent any fy € §,
s
Jo= (o= 57+ (Fi5 = Fis)- (10.1)
s=0

One can think of this as a telescoping sum from f§ to f; ™, while we follow a path with

smaller and smaller steps (into higher and higher resolution).

e The first term goes to 0 as S goes to co.

e The second term can be handled by a union bound based on covering.

10.4 Dudley’s entropy integral and chaining based
tail bound

We define

s
Jp = Z 27°R,\/2log Ngyq.
s=0
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Using the monotonicity of log Ny, we can upper bound J, with a continuous integral

Rn
Jp < 2/ V/2log Ny(u, §, P,)du

2-(S+2)R,

The RHS is called (up to constants) Dudley’s entropy integral. The goal of this section
is to provide an upper bound of the symmetrized process using J,, or Dudley’s entropy
integral.

Theorem 10.4.1 (Bound symmetrized process using J,,). We have

JIn 141
Px (max ZP" I = 7 + 4R %) < 2exp(—t), Vt>D0.

Proof. By Hoeffdlng s inequality, for all 7 and s, we have

[2t
Px (\Pg L s)| = 27°R, —> < 2exp(—t).
n

Apply union bound for N, pairs, for all s, we have
2(log N, t
]P’X(maX‘P,f( ]5:&9—1 J,S’)|>2 sR\/ (Og +1+ )
] b

n
Note that at resolution s, the uniform radius bound is 27°R,, rather than R,. This is
the main reason that we save when compared to a naive union bound.

Let for s =0,...,S,
a, = 2R, <\/2 log Nopt + v/2(1 + 5)(1 + t)) .

) < 2exp(—t).

Then

s s
> ag=Jo+ > 27R\2(1+5)(1+1) < Jy + 4RV + 1.
s=0 s=0
Applying another union bound across resolutions, we obtain

S
a' s s Jn 1+t
- (maxzp 3 )| 2 T)

ZS; (maxlp” is>\zas/ﬂ)

IN
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Remark 1. What did we gain? Take the typical example, for a -covering, N =~ (%)d.
Instead of a bound

K dlog%’
n

K dlogt
/ Og“du.
0 n

Since \/log% is integrable, we got rid of log% for a o that depends on d and n.

we now have an integral

How did we gain?

e In the union bound at resolution s, the uniform radius bound is 27°R,, rather than
R,, when we apply Hoeffding.

o The number of pairs is Nsi1 instead of Ngi1 because the coverings are fixed be-
forehand and there are many redundant pairs.

e One has to introduce /(1 +s) in as to make the second-last line of the proof
summable. It does not change the final bound much.

10.5 De-symmetrizing to obtain a uniform tail bound
Recall the Ly(P)-norm ||f[| = \/Pf? f € Ly(P). Let R :=sup;; | f|| be the diameter

of §. For any probability measure @), we let log No(-,§, @) be the entropy of § endowed
with the metric induced by the Ly(Q)-norm ||-[|,.

Assumption 1. For any probability measure QQ, it holds that
IOg N2(u78'7 Q) S H(“)’ Vu > 07

for some decreasing function H(-) satisfying

/Olmdu@o.

We then define
P
J(p) = 2/ V2H(u)du, p > 0.
0
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Theorem 10.5.1. Under Assumption 1 and F € Lyo(P), then

- 4||F|| T (4R) 1+t
P <||Pn Ply> ===+ 82Ry | ——

< 8exp(—t)+4P | sup [(P,—P)f*|>R*|, Vt>0.
fesu{r}

Proof. Take S as the smallest value in N such that 27 < \/Lﬁ We have R,, < 2R and
11, < 2 F].

Apply Theorem 10.4.1 to the telescoping sum in Eq. (10.1).

De-symmetrize only loses a constant factor. O

10.6 Asymptotic continuity of the empirical process
The Dudley’s entropy integral condition in Assumption 1 also allows us to obtain asymp-
totic continuity easily.

Theorem 10.6.1. Under Assumption 1 and that § has envelope F', with P(F?) < cc.
Then v, is asymptotically continuous.

Proof. Define for § > 0 and fy € §. Define localized class

§(0) :={f €T IIf = foll <4}
By Theorem 10.5.1

8 ||| T (85) 1+t

< 8exp(—t) + 4P sup (P —P)(f - f0)2| >8], Vt>0.
fES(O)U{2F+fo}

Take € > 0 arbitrary and t = log(8/¢). Since J(89) | 0 as § | 0, we see that there
is a 0 > 0 such that

P(ﬂHPn—PHg@pe)SeHP( sup I(Pn—P><f—fo>2!>62>

Fe§(6)U{2F+fo}

By the ULLN for {(f — fo)*: f € §(6) U{2F + fo}},

1P>< sup ](Pn—P)(f—f0)2|>52)—>O.
FeS(

§)U{2F+fo}
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10.7 Application to VC graph classes

Theorem 10.7.1. Suppose that § is a VC class with envelope F' € Ly(P). Then
{vn(f) : f €T} is asymptotically continuous.

Proof. Proof sketch
e N; covering for a VC graph class is obtained in Lecture 07
e In general, N, covering is not bounded by N; covering.

e We will have to go through a sequence of bounded F' to bound N, covering by
Ny.

e Once N; covering is bounded, check Assumption 1 and apply Theorem 10.6.1.
O

A direction consequence of asymptotic continuity from Lecture 09 is that § is then
P-Donsker.

10.8 Exercises

Exercise 1. Letey, ..., €, bei.i.d. N(0,1) random variables, independent of X1, ..., X,.
Define

1 n
(€,9), = - Zﬁig (Xi),9€g.

i=1

Let

J(Ry) =Y 27°\/2log N (u, G, P,) du
s=0

where we assume that the sum converges. Show that

J(R) g JIHE

n

Px (sup (€,9), >

< exp(—t),Vt > 0.
o Vi ) =0
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