
401-4627-00L: Empirical Process Theory and Applications

Lecture 11 – Asymptotic normality of M-estimators
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• Asymptotic linearity

• Sufficient conditions asymptotic normality

Consider an M-estimator θ̂n of a finite dimensional parameter θ0. In addition to
consistency, we study conditions for asymptotic normality of θ̂n. It turns out given
i.i.d. data, the asymptotic linearity also follows under these conditions.

The results from the previous lecture on asymptotic continuity of empirical processes
supply us with an elegant way to control remainder terms in the proof.

For simplicity, we assume that θ0 is an interior point of Θ ⊆ Rr. We assume that
we already showed that θ̂n is consistent, using results from Lecture 08.

11.1 Asymptotic linearity

Asymptotic linearity The sequence of estimators θ̂n of θ0 is called asymptotic linear
if we can write

√
n
(
θ̂n − θ0

)
=

√
nPnℓ+ oP (1),

where

ℓ =

ℓ1...
ℓr

 : X → Rr,

which satisfies Pℓ = 0 and P (ℓ2k) < ∞, k = 1, . . . , r. The function ℓ is called the
influence function. When r = 1, σ2 := Pℓ2 is called the asymptotic variance.

Two asymptotically linear estimators can be compared by comparing their asymp-
totic variance (the first order term squared in the asymptotic linear expansion).
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Asymptotic relative efficiency Let θ̂n,1 and θ̂n,2 be two asymptotically linear esti-
mators of θ0, with asymptotic variance σ2

1 and σ2
2 respectively. Then we define

e1,2 :=
σ2
2

σ2
1

,

as the asymptotic relative efficiency (of θ̂n,1 compared to θ̂n,2).

11.2 Conditions a, b and c for asymptotic normality

We start with a set of three conditions to establish asymptotic normality. It assumes
the differentiability in θ of each x of the loss function mθ(x), which leads to an easy
proof but is typically too stringent.

Condition a. There exists an ϵ > 0, such that θ 7→ mθ(x) is differentiable for all
|θ − θ0| < ϵ and all x, with derivative

ψθ(x) :=
∂

∂θ
mθ(x), x ∈ X .

Condition b. (Deterministically), as θ → θ0,

P (ψθ − ψθ0) = V (θ − θ0) + o(1) |θ − θ0| ,

where V ∈ Rr×r is a positive definite matrix.

Condition c. There exists an ϵ > 0, such that νn, as empirical process indexed by
the class

{ψθ : |θ − θ0| < ϵ} ,

is asymptotically continuous at ψθ0 .

Lemma 1. Assume conditions a,b and c. Then θ̂n is asymptotically linear with influ-
ence function

ℓ = −V −1ψθ0 ,

and

√
n
(
θ̂n − θ0

)
L→ N (0, V −1JV −1),

where J = Pψθ0ψ
⊤
θ0
.
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Proof. The main idea is to start with the first-order optimality condition since θ̂n is the
empirical risk minimizer

Pnψθ̂n = 0,

and do Taylor expansion around the population parameter θ0.
Let’s make this idea rigorous. Recall that θ0 is an interior point of Θ, and minimizes

Pmθ, so that Pψθ0 = 0. Because θ̂n is consistent, it eventually becomes an interior poitn
as well and satisfies the first-order optimality condition: the score equation

Pnψθ̂n = 0.

Rewrite the score equation as

0 = Pnψθ̂n
= Pn

(
ψθ̂n − ψθ0

)
+ Pnψθ0

= (Pn − P )
(
ψθ̂n − ψθ0

)
+ Pψθ̂n − 0 + Pnψθ0

The first term (Pn − P )
(
ψθ̂n − ψθ0

)
is controlled the asymptotic continuity in Condi-

tion c (see also Lecture 10, this is where uniform convergence comes in). The term
Pψθ̂n is controlled by the first-order Taylor expansion in Condition b. We obtain

0 = oP (n
− 1

2 ) + V (θ̂n − θ0) + o(
∣∣∣θ̂m − θ0

∣∣∣) + Pnψθ0 .

This yields

θ̂n − θ0 = −V −1Pnψθ0 + oP (n
− 1

2 )

Example 1 (Huber estimator). Let X = R, Θ = R. The Huber estimator corresponds
to the loss function

mθ(x) = m(x− θ),

with

m(x) = x21 {|x| ≤ k}+
(
2k|x| − k2

)
1 {|x| > k} , x ∈ R.

Here, 0 < k <∞ is some fixed constant, chosen by the statistician. We will now verify
Conditions a, b and c.
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a)

ψθ(x) =


+2k, if x− θ ≤ −k,
−2(x− θ), if |x− θ| ≤ k,

−2k, if x− θ ≥ k.

b) We have

d

dθ

∫
ψθ dP = 2 (F (k + θ)− F (−k + θ)) ,

where F (t) = P (X ≤ t) is the distribution function. So

V = 2 (F (k + θ0)− F (−k + θ0)) .

c) As each function is bounded, {ψθ : θ ∈ R} is a VC graph class, with envelope Ψ ≤ 2k.
The asymptotic continuity follows from Lecture 10 Theorem 10.6.1.

So the Huber estimator θ̂n has influence function

ℓ(x) =



−k
F (k + θ0)− F (−k + θ0)

, if x− θ0 ≤ −k,

x− θ0
F (k + θ0)− F (−k + θ0)

, if |x− θ0| ≤ k,

k

F (k + θ0)− F (−k + θ0)
, if x− θ0 ≥ k.

The asymptotic variance is

σ2 =

k2F (−k + θ0) +

∫ k+θ0

−k+θ0
(x− θ0)

2 dF (x) + k2
(
1− F (k + θ0)

)
(
F (k + θ0)− F (−k + θ0)

)2 .

11.2.1 Remarks on the asymptotics for the median

The sample median can be regarded as the limiting case of a Huber estimator, with
k → 0. However, the loss function mθ(x) = |x − θ| is not differentiable, i.e., does not
satisfy condition a.

However, for even sample sizes, we still have the score equation

F̂n(θ̂n) =
1

2
,
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as well

F (θ0) =
1

2
.

If we assume F has positive density f in a neighborbood of θ0 and θ̂n is consistent
for θ0, then we can expand as follows

0 = F̂n(θ̂n)− F (θ0)

=
[
F̂n(θ̂n)− F (θ̂n)

]
+
[
F (θ̂n)− F (θ0)

]
=

1√
n
Wn(θ̂n) + [f(θ0) + o(1)]

[
θ̂n − θ0

]
,

whereWn :=
√
n(F̂n−F ) is the empirical process. By asymptotic continuity, we obtain

Wn(θ̂n) = Wn(θ0) + oP (1). Finally, rearranging, we arrive at

√
n(θ̂n − θ0) = −Wn(θ0)

f(θ0)
+ oP (1).

11.3 Conditions aa, bb and cc for asymptotic nor-

mality

We can relax the condition of pointwise differentiability of mθ, to the first-order ap-
proximation with the average squared error.

Condition aa. (Differentiability in quadratic mean) There exists a function ψ0 :
X → Rr, with Pψ0 = 0 and Pψ2

0,k
<∞, k = 1, . . . , r, such that

lim
θ→θ0

∥∥mθ −mθ0 − (θ − θ0)
⊤ψ0

∥∥
L2(P )

|θ − θ0|

YC — Intuitively, this is saying that the map θ 7→ mθ is differentiable in the
L2(P ) sense, which could be weaker than differentiable in a neighborbood.

Condition bb. As θ → θ0,

P (mθ −mθ0) =
1

2
(θ − θ0)

⊤V (θ − θ0) + o(|θ − θ0|2),

with V ∈ Rr×r a positive definite matrix.
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Condition cc. Define

gθ =

{
mθ−mθ0

−(θ−θ0)⊤ψ0

|θ−θ0| θ ̸= θ0

0 θ = θ0.

Suppose that for some ϵ > 0, the class G := {gθ : 0 < |θ − θ0| < ϵ} is asymptotically
continuous at θ0.

Lemma 2. Assume conditions aa, bb and cc. Then θ̂n is asymptotically linear with
influence function

ℓ = −V −1ψθ0 ,

and

√
n
(
θ̂n − θ0

)
L→ N (0, V −1JV −1),

where J = Pψθ0ψ
⊤
θ0
.

Proof. First, we expand Pnmθ around Pnmθ0 . We have

Pn(mθ −mθ0)

= (Pn − P )(mθ −mθ0) + P (mθ −mθ0)

(i)
= (Pn − P )gθ |θ − θ0|+ (θ − θ0)

⊤Pnψ0 + P (mθ −mθ0)

(ii)
= oP (1/

√
n) |θ − θ0|+ (θ − θ0)

⊤Pnψ0 + P (mθ −mθ0)

(iii)
= oP (1/

√
n) |θ − θ0|+ (θ − θ0)

⊤Pnψ0 +
1

2
(θ − θ0)

⊤V (θ − θ0) + o(|θ − θ0|2)

=
1

2

∣∣V 1/2(θ − θ0)− o(|θ − θ0|) +OP (1/
√
n)
∣∣2 .

(i) makes use of Condition cc. (ii) uses asymptotic continuity. (iii) uses Condition
bb.

Because Pn(mθ̂n
− mθ0) ≤ 0, applying the previous bound to θ̂n gives a rough

estimate ∣∣∣θ̂n − θ0

∣∣∣ = OP (1/
√
n).

Then applying the previous bound to θ̃n := θ0 − V −1Pnψ0 gives

Pn(mθ̃n
−mθ0) = −1

2

∣∣V −1/2Pnψ0

∣∣+ oP (1/n).
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From the optimality of θ̂n, we obtain Pn(mθ̂n
−mθ0) ≤ Pn(mθ̃n

−mθ0), which translates
to

(θ̂n − θ0)
⊤Pnψ0 +

1

2
(θ̂n − θ0)

⊤V (θ̂n − θ0) ≤ −1

2

∣∣V −1/2Pnψ0

∣∣+ oP (1/n).

We obtain

1

2

∣∣∣V 1/2(θ̂n − θ0) + V −1/2Pnψ0

∣∣∣2 = oP (1/n).

Hence,

θ̂n − θ0 = −V −1Pnψ0 + oP (1/
√
n).

11.4 Exercises

Exercise 1. Suppose X has the logistic distribution with location parameter θ0. Show
that the maximum likelihood estimator has asymptotic variance equal to 3, and the
median has asymptotic variance equal to 4. Hence, the asymptotic relative efficiency of
the maximum likelihood estimator as compared to the median is 4/3.

Exercise 2. Let (Xi, Yi) , i = 1, . . . , n, . . . be i.i.d. copies of (X, Y ), where X ∈ Rr

and Y ∈ R. Suppose that the conditional distribution of Y given X = x has median
m(x) = β0

0 + β0
1x1 + . . . β0

rxr, with

β0 =

 β0
0
...
β0
r

 ∈ Rr+1.

Assume that given X = x, the random variable Y −m(x) has a density f not depending
on x, with f positive in a neighborhood of zero. Suppose moreover that

Σ = E
(

1 X
X XXT

)
exists and is invertible. Let

β̂n = arg min
b∈Rr+1

1

n

n∑
i=1

|Yi − b0 − b1Xi,1 − . . .− brXi,r| ,

be the least absolute deviations (LAD) estimator. Show that

√
n
(
β̂n − β0

)
L−→ N

(
0,

1

4f 2(0)
Σ−1

)
,

by verifying conditions aa, bb and cc.

11-7


	Asymptotic linearity
	Conditions a, b and c for asymptotic normality
	Remarks on the asymptotics for the median

	Conditions aa, bb and cc for asymptotic normality
	Exercises

