D-MATH Analysis IV ETH Ziirich
Problem set 10 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

10.1. Closed answer questions.

1. Does it exist a function f € L'(—m,7) such that cx(f) 4 0 as |k| — co? Hint:
Riemann-Lebesgue lemma.

2. Give an example of a C* and 27-periodic function which is not a trigonometric
polynomial. Can you make it analytic? Hint: try with exp(exp(ix)).

10.2. Fourier series convergence recap. For each of the following functions defined
on [—m, |,

fi(z) = tan(sin(z))
o fa(z) = |2
o fi(x)==x

falz) =™

. fylw) = (2~ )

answer to the following questions using the Theorems seen in class. If you cannot apply
any of those Theorems, that’s still a valid answer!

1. Is it true that Sy(f)(z) — f(x) for all z € (—m,7)? What about x = +x7
2. Is it true that Sy(f) — f in Cper?

3. If possible, give two non-negative values of 0 < oy < as such that

> k| ex(f)] < +o0, but Y |k|*|er(f)] = +oo.

k€EZ keZ

(BONUS): Answer questions 1 and 2 for the function f¢(x) = |=|7/2.

10.3. The Dirichlet kernel is not in L'. Recall that D,(z) = % for all
n > 1and z € R, is a 27 periodic function.

1. Using |sin(t)| < |t|, then changing variables and then dividing the domain of
integration, show that

(G+1)m

d
/ D, (x \da:>22 ]sin(y)];/.
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2. Show that for each 7 > 0 it holds

G+D)7 d
. Yy c
/) sin@)| Y > <
jr y —g+1

for some (explicit) constant ¢ > 0.

3. Conclude that ||D,||10 > O(logn) as n — oco. Hint: Recall the asymptotic
behavior of the harmonic series: H,, == Y}_, 1/k < logn.

10.4. The isoperimetric (in)equality. We saw in class that for every reasonable closed

curve of perimeter P one has
P2
AL —|
~Ar
where A is the area enclosed by the curve. The aim of this exercise is to prove that the
equality holds if and only if the curve is a circle.

1. Recall that, up a translation, you can always parametrize a circle (of perimeter 2m)
as (t) = (cos(t),sin(t)) for t € [—m,w|. Prove, by using the formulae

—Tr

Po = [ ol a0 = 5| [ a(eie) ntsitoas)

that if ~y is a circle, then A(y) = (Péjr))2.

2. (x) Prove that, if A(y) = % holds, then v = (y1,72) is a circle. Recall that we
already saw in class that, if the equality holds, v = (71,72) has to be of the form

{71(5) = c_1(m)e™™ +co(m) + cr(n)e”,
Y2(s) = co1(m2)e™ + co(r2) + er(2)e”,

with

ler(vn)er(v2) — cr(v2)er ()] = 2ler(n)ller(2)| = |01(71)|2 + |01(72)’2 = ;7

where c;(7;) € C is the k-th Fourier coefficient of ;.
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