D-MATH Analysis IV ETH Ziirich
Problem set 10 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

10.1. Closed answer questions.

1. Does it exist a function f € L'(—m,7) such that cx(f) 4 0 as |k| — co? Hint:
Riemann-Lebesgue lemma.

2. Give an example of a C* and 27-periodic function which is not a trigonometric
polynomial. Can you make it analytic? Hint: try with exp(exp(ix)).

10.2. Fourier series convergence recap. For each of the following functions defined
on [—m, |,

fi(z) = tan(sin(z))
o fa(z) = |2
o fi(x)==x

falz) =™

. fylw) = (2~ )

answer to the following questions using the Theorems seen in class. If you cannot apply
any of those Theorems, that’s still a valid answer!

1. Is it true that Sy(f)(z) — f(x) for all z € (—m,7)? What about x = +x7
2. Is it true that Sy(f) — f in Cper?

3. If possible, give two non-negative values of 0 < oy < as such that

> k| ex(f)] < +o0, but Y |k|*|er(f)] = +oo.

k€EZ keZ

(BONUS): Answer questions 1 and 2 for the function f¢(x) = |=|7/2.

10.3. The Dirichlet kernel is not in L'. Recall that D,(z) = % for all
n > 1and z € R, is a 27 periodic function.

1. Using |sin(t)| < |t|, then changing variables and then dividing the domain of
integration, show that

(G+1)m

d
/ D, (x \da:>22 ]sin(y)];/.
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2. Show that for each 7 > 0 it holds

G+D)7 d
. Yy c
/) sin@)| Y > <
jr y —g+1

for some (explicit) constant ¢ > 0.

3. Conclude that ||D,||10 > O(logn) as n — oco. Hint: Recall the asymptotic
behavior of the harmonic series: H,, == Y}_, 1/k < logn.

10.4. The isoperimetric (in)equality. We saw in class that for every reasonable closed

curve of perimeter P one has
P2
AL —|
~Ar
where A is the area enclosed by the curve. The aim of this exercise is to prove that the
equality holds if and only if the curve is a circle.

1. Recall that, up a translation, you can always parametrize a circle (of perimeter 2m)
as (t) = (cos(t),sin(t)) for t € [—m,w|. Prove, by using the formulae

—Tr

Po = [ ol a0 = 5| [ a(eie) ntsitoas)

that if ~y is a circle, then A(y) = (Péjr))2.

2. (x) Prove that, if A(y) = % holds, then v = (y1,72) is a circle. Recall that we
already saw in class that, if the equality holds, v = (71,72) has to be of the form

{71(5) = c_1(m)e™™ +co(m) + cr(n)e”,
Y2(s) = co1(m2)e™ + co(r2) + er(2)e”,

with

ler(vn)er(v2) — cr(v2)er ()] = 2ler(n)ller(2)| = |01(71)|2 + |01(72)’2 = ;7

where c;(7;) € C is the k-th Fourier coefficient of ;.
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10. Solutions

Solution of 10.1:
1. First note that

/ e "dr = [z : e_”K =0.
Let g € L'(—m,m). Then by the Riemann-Lebesgue lemma (we consider g extended
with 0 outside of (—m, ), hence g € L'(R)) we get that

s s

lim g(z) - e ™dr =0- / g(z)dz =0,

k—o0 —r —r

=2mex(9)
which implies that cx(g) — 0 for any L'-function g on (—m, 7).

2. A function is a trigonometric polynomial if it is a finite sum of functions in the
Hilbert basis {€?**}cz. Assume f € L*(—m,7) is a trigonometric polynomial. Given
the uniqueness of the coefficients this implies that there is some N € N such that
ce(f) =0 for all k > N.

Let now f(x) = exp(exp(ix)), where exp: C — C is the complex exponential, clearly
f € C> . Note that!

per’*

Z l (exp(ix) Z ]il exp(izk),

R‘

where the convergence of the series is uniform for z € [—7, 7| since, for « varying in
that range, |exp(ikx)| < 1.

Now, since {exp(ikz)}rez is an orthonormal system (and even a Hilbert basis)
the coefficients with respect to it are unique. By the above we thus obtain that
cx(f) = 15 > 0 for k € N. This implies that f cannot be a trigonometric polynomial.
Lastly, note that f is analytic since it is the composition of analytic functions.

Solution of 10.2:

1. For fi, fy and f5 the convergence is uniform (thus pointwise) since they are continu-
ous with piecewise continuous derivatives (including extremal!). For fy pointwise
convergence still holds, since f is Holder continuous in [—7, 7]. As per f3, the
function is clearly C' in the interior of (—,7) so we have pointwise convergence
there. We cannot possibly have pointwise convergence at x = 4, simply because
fa(m) # fs(=m), but Sy(fs)(7) = Sn(fs)(—mn) for all N since {Sn(f)}n are 27
periodic functions. Finally, for fs we have pointwise convergence only outside of 0,
since the limit is not defined in 0 and the function is locally Lipschitz outside of the
origin.

'We are using that exp is an entire function and so exp(z) = Y, o 2"/k! for all z € C, so we can
substitute z = exp(ikx).
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2. For fi, fi1, f5 we already observed that the convergence is uniform. Since all these
functions are continuous and periodic, we can say that the convergence happens
in Cpe,. The function fy is not piecewise C', since it cannot be differentiated in
the interval [0, 7], thus we cannot apply any of the results we have seen that ensure
uniform convergence. On the other hand there is no obvious contradiction in the
fact that Sy(f2) — f2 uniformly. Thus in this case we cannot apply our results
directly, and this is a correct answer for the sake of the exercise. Finally, since f3
and fg are not continuous and periodic, they cannot be approximated uniformly
with their partial Fourier sums (the partial Fourier sums lie in C), and uniform
limit of Ce, functions lies in Cpy,).

3. We know f; € C*°(R) and and periodic, thus > jcz|k|*|cx(f)| < oo for all ay > 0.
Thus no a can be found. For fy, we know f, ¢ C},. and thus it must be that
Skezlk?|ex(f2)| = oo, since if this series was finite it would imply Sy (fs) — f2 in
C2.., but the limit is not even differentiable one time! Thus ap = 2 works. Concerning
ay our Theorems do not grant that even a; = 0 works (which remember, it’s a viable
answer!). For f3, we have that > .cz|ck(f)| = 0o, otherwise f would be continuous
and periodic. Thus oy = 0 and no a; can be found. Next, note that f; is piecewise
C* but not C2,.. Then, we can check that for instance Y ez |k|/®|ci(f)] < oo and
Skezlk*|ce(f)| = oo. Lastly, one checks directly that fs € C2,\C},,, then, for

per er’
instance, Zkez‘k‘l/ﬂck(ﬁ)’ < o0 and ZkeZ’k’?)‘ck(fs)‘ = 0.

Solution of 10.3:

1. In order to show the estimate, we first make the simple observation that

/\Dn(x)|dx:/ dq;z/ )
0 0 0

since |sin(t)| < |t| for any ¢t € R. Next we change variables setting y(x) = (n + %) T

to obtain
vy ™ 1 :
[ = [(2(ns 1)
0 0 2
———

=y'(z)

(n+1/2)w d
. Yy
2 [ )|
0 Yy
nm d
> 2/ Isin(y)| 2.
0 Yy

By dividing the domain of the latter integral into intervals of length 7 and plugging
the result into the first estimate above, we directly obtain

sin((n + 1/2)x)
sin(x/2)

sin((n + 1/2)x)

dzx,

sin((n + 1/2)x)

n—1 p,G+)w dy

/0 |Do(2)|dz > 2- in ()|

j=0Jjm
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2. Next we estimate the integral over the subintervals. First note that for any j € N
we obtain, changing variables z := y — j,

G+ d ™ d T d
. Y . . Z . Z
/ sin(y)| . = / jsin(z + jm)| ——— = / jsin(z)] ——,
jm Y 0 Z+ T 0 z+gm

where we used that [sin| is m-periodic. We further note that

i dz e dz_ _ 1 7Tsinz 2
/0 |Sm(z)’z+j7r 2/0 ’Sln(z)‘(l + )T (1—|-j)7r/0 sin{z)ldz.

Now, setting

2
s

/ sinfy) dy = - [~ cos(y)]; =

(G+1)m c
/ |sin(y )]— >
g j +1

as a reformulation of our estimates above.

we obtain

3. Using part (1) and (2) we obtain
G+ dy
I1Dallzr0m / Dulde =25 [ )2

j=0Jjm
Z c—2czf

- il
:2c-HnAlogn,

where we use 2¢ > 0. Thus,
||Dn||L1(0,7r) > O(logn)

as n — o0.

Solution of 10.4:
1. Let y(t) = (cos(t),sin(t)). We have

P(v) = / (t)|dt = / \/ (—sin(t cos(t))2dt:/ dt = 2m,

—T

and

= 27 =,

= 5| ot = temitonas

= ; ‘/W (cos?(s) + sin?(s))ds

™

hence the equality holds.
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2. Since
2ler(y)ller(y2)] = ler(n) P + lea(h2)
we infer

ler() PHler (2) P=2]er () [ (2) | = 0 = (Jer ()| =ler(12)])? = 0 = [ex(n)] = [er(h2)]-

Moreover |cy(71)|? + |e1(72)|? = 1/2, hence |ci(71)| = |e1(72)] = 1/2. Therefore we
can find 64,0, € [—m, | such that

1 . 1 .
ci(m) = 56191, c1(ye) = 56192-
From ]
lcr(m)er(r2) — a(2)a(n)] = B)
we obtain (recalling that being 71, 7> real valued, we have c_1(7;) = ¢1(;)) that
Lol oy 1 in, 1 o] 1
2 2 2° 2% |72
Then

}|€i(91—92) i) _
2
and, by Euler’s formula,

1
§|2isin(91 —0y) =1=|sin(f; — 63)| =1,

the latter implying that

k
01— 6y = % for some odd integer k. (1)
So we obtain
1 —i61 ,—is 1 161 is 1 —i(01+s) 1 i(01+s)
71(s) 200(%)+§€ ‘e +5e ‘e 200(71)+§€ ' +35° T,

hence, by Euler’s formula,

71(s) = co(y1) + cos(by + s).

In the same fashion we obtain

Y2(8) = co(2) + cos(by + s).
From (1) we obtain
cos(y + s) = £sin(f; + s),

where the sign on the left hand side depends on the parity of % Hence we can
write

{%(8) = co(y1) + cos(6h + ),
Y2(8) = co(y2) £ sin(6; + s),

and, recalling that cy(y;) € R, we observe that v = (71,72) is the parametrization
of a circle.
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