D-MATH Analysis IV ETH Ziirich
Problem set 11 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

11.1. Formal solutions of PDEs. For the following PDEs of evolution type try to
find the most general solution of the form u(t,z) = Y ez ur(t)e™®, without worrying
about convergence issues. Of course the functions {uy(t) }rez might depend on the Fourier
coefficients of u(0, ) (and sometimes also of 9,u(0, -)). For each of these cases write down
an example of solution which is not a constant.

1. Oyu = cos(t)0pu
2. 8ttu — amu =0
3. Ou = ﬁu + Oyl

4. (BONUSY) dyu = Oppu + 1

11.2. Free Schrodinger equation in a ring. Consider the evolution problem with
periodic boundary conditions:

104U + Ogpt = 0 for all (t,2) € R x R,
u(t,z) = u(t,x +2m) for all (t,2) € R x R,
u(0,z) = f(x) for some given f € C*(R), 2m-periodic.

1. Explain why solutions cannot be purely real-valued, unless they are constant.
2. Explain why, for each fixed large N, we have supy |k|"|cr(f)] < oo.

3. Write the most general formal solution u(t, z) = Y,z ur(t)e?*®, where the {ug(t)}
depend on the Fourier coefficients of f.

4. Show that the formal solution is in fact a true solution and is C* in both variables.
Hint: you need to show that the coefficients {cg (9]0} u(t,-))} are summable. This
follows from the decay of the {cx(f)}. It might be convenient to show uniform (with
respect to N) bounds on the mixed derivatives of

un(t,z) = > uy(t)e ™ .

<N

11.3. The wave equation.

"You get the bonus point if you write both the most general solution of the form u(t, z) = Y=, ., ux(t)e™**

and an example.
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Consider the evolution problem with periodic boundary conditions:

Opth — Ogat = AU for all (t,2) € R x R, where A <0 is a given constant,
u(t,z) =u(t,z +2m) forall (t,2) € R x R,

u(0,z) = f(x) for some given f € C*°(R), 2m-periodic,

Ou(0,z) = g(x) for some given g € C*(R), 2m-periodic.

1. Write the most general formal solution u(t, ) = Y ez ur(t)e?*®, where the {u(t)}
depend on A and the Fourier coefficients of f and g.

2. Show that the formal solution is in fact a true solution and is C'* in both variables.

3. Show that, if we just want our solution u to be C*(R x R), the assumptions on f
and g can be relaxed to:

> kP len(F)] + [kller(g)] < +oo.
keZ

4. Assume that A = 0. Show that for each pair ¢, € nger the function (z,t) +—

¢(x —t) + (x + t) solves the wave equation, explain why this is compatible with
what you found in the previous points.
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