D-MATH Analysis IV ETH Ziirich
Problem set 11 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

11.1. Formal solutions of PDEs. For the following PDEs of evolution type try to
find the most general solution of the form u(t,z) = Y ez ur(t)e™®, without worrying
about convergence issues. Of course the functions {uy(t) }rez might depend on the Fourier
coefficients of u(0, ) (and sometimes also of 9,u(0, -)). For each of these cases write down
an example of solution which is not a constant.

1. Oyu = cos(t)0pu
2. 8ttu — amu =0
3. Ou = ﬁu + Oyl

4. (BONUSY) dyu = Oppu + 1

11.2. Free Schrodinger equation in a ring. Consider the evolution problem with
periodic boundary conditions:

104U + Ogpt = 0 for all (t,2) € R x R,
u(t,z) = u(t,x +2m) for all (t,2) € R x R,
u(0,z) = f(x) for some given f € C*(R), 2m-periodic.

1. Explain why solutions cannot be purely real-valued, unless they are constant.
2. Explain why, for each fixed large N, we have supy |k|"|cr(f)] < oo.

3. Write the most general formal solution u(t, z) = Y,z ur(t)e?*®, where the {ug(t)}
depend on the Fourier coefficients of f.

4. Show that the formal solution is in fact a true solution and is C* in both variables.
Hint: you need to show that the coefficients {cg (9]0} u(t,-))} are summable. This
follows from the decay of the {cx(f)}. It might be convenient to show uniform (with
respect to N) bounds on the mixed derivatives of

un(t,z) = > uy(t)e ™ .

<N

11.3. The wave equation.

"You get the bonus point if you write both the most general solution of the form u(t, z) = Y=, ., ux(t)e™**

and an example.
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Consider the evolution problem with periodic boundary conditions:

Opth — Ogat = AU for all (t,2) € R x R, where A <0 is a given constant,
u(t,z) =u(t,z +2m) forall (t,2) € R x R,

u(0,z) = f(x) for some given f € C*°(R), 2m-periodic,

Ou(0,z) = g(x) for some given g € C*(R), 2m-periodic.

1. Write the most general formal solution u(t, ) = Y ez ur(t)e?*®, where the {u(t)}
depend on A and the Fourier coefficients of f and g.

2. Show that the formal solution is in fact a true solution and is C'* in both variables.

3. Show that, if we just want our solution u to be C*(R x R), the assumptions on f
and g can be relaxed to:

> kP len(F)] + [kller(g)] < +oo.
keZ

4. Assume that A = 0. Show that for each pair ¢, € nger the function (z,t) +—

¢(x —t) + (x + t) solves the wave equation, explain why this is compatible with
what you found in the previous points.
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11. Solutions

Solution of 11.1:

1. We write u as u(t,r) = Y ez ur(t)e™™, notice that

ou = Z u;(t)eikx and cos(t)0.,u = Z —k? cos(t)uy(t)e™.

keZ keZ
Hence we get the differential equations uj,(t) = —k? cos(t)uy(t), for all k € Z. Then,

up(t) = ce 5" where ¢ = u(0). So,

k2 i
Z uk k? sin(t)+ikx .
keZ

Example: u(t,z) = e~ sn®)+iz,

2. We write u as u(t, z) = ez ur(t)e?*®, notice that

Ouu =Y ul(t)e™ and Opu = > —k ug(t)e™,

kEZ kEZ

hence we find the differential equations u}(t) = —k?*u(t), for all k € Z. For k =0
this gives uo(t) = uo(0) + u)(0)¢, while for k # 0 we have u(t) = c1e™ + coe ™,
where ¢; = §(ug,(0) — £u,(0)) and ¢, = %(uk(O) + +u},(0)). So we find

u(t, z) = up(0)+uy(0)t+ > % u;(O))eik(t*x)—i—%(uk(O)+iu;(0))e’ik(t”).
kezZ\{0}
Example: u(t,z) = sin(t — x).

3. We write u as u(t,r) = ez ug(t)e?™®, notice that

Opu =) uj,(t)e'*, ljﬂu => ﬁuk(t)eim and Oppu =Y O

kEZ keZ kEZ

Hence we get the differential equations uy(t) = zur(t) — Kux(t), for all k € Z.
Then we find u(t) = ce® @O+t where ¢ = uk(()) Hence,

2
Z up, arctan —k t+zkz
keZ

Example: u(t,z) = erctan(t)—t+iz,

4. As usual, we write u(t, z) = ez ur(t)e™® and observe that u formally satisfies

ST ul()e™ =" (—ku(t)e™ + 1.

keZ kez

For k = 0, we have uy = 1 and thus uy(t) = uo(0) + ¢. For k # 0, we have

up(t) = up(0)e
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The most general solution is

u(t,z) =up(0) +t+ > up(0)e K tetke
keZ\{0}

As an example we can choose u(t,z) = t.

Solution of 11.2:

1. Suppose we have a real-valued solution u which is not identically constant. Then all
derivatives of u also have to be real valued. This implies that, at any given point

(t,7)

iR 3 i0wu(z,t) = —0pu(z,t) € R = Jyu = Opu = 0.

This implies that, at any point (¢,x), u needs to be constant in time and affine in
space, i.e. u(t,z) = a + bx. The periodic boundary conditions force b = 0, so u is
constant.

2. Note that the statement in Exercise 9.1.1 (from Problem set 9) is still true if we
replace 2 with an arbitrary N, that is, f € CY_ for all N € N.

per

Then Theorem 2.22 (ii) from the lecture notes implies that >, |k|*|ck(f)| < oo for
all a > 0. Thus |k|*|ck(f)] — 0 as k — oo, in particular supy, |k|N]|c,(f)] < oo for
each individual N.

3. If we make the Ansatz u(t,r) = 3, ux(t)e?* and derive u formally, we get (similar
to the case of the heat equation):

iOwu(t, ) = dup(t)e™ and Oppu(t,x) = > —k up(t)e™.

k€eZ keZ

Imposing i0,u + O, u = 0, the coefficient functions u(t) have to solve the following

ODE:
uh(t) = —ikug(t)
uy(0) = cx(f),

which is solved by u(t) = cx(f)e~**. So we can write our general formal solution
to the Schrédinger equation as follows:

u(t,z) = ce(fe * etk (1)

kEZ

4. We begin first by showing smoothness. Define
wi(t, z) = cp(fe *tetke,
We show that for m,n € N, the sums
> 00w (t, )

keZ
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converge absolutely and uniformly on R x R. Note that
O Ol wi(t, )] = |(—ik?) ™ (ik)" ex (e e | = [k en(£)],

for all t,x € R. Set now N = 2m + n + 2. Thanks to item 2, we know that
supy, kN |ex(f)] < 00, i.e. there is some constant Cy > 0 such that |k|N|ex(f)| < Oy
for all k € Z.

It follows that

sup > [0 Opwi(t x)| = Y K er(f))]
(t,:r)GRXR‘k‘ZM |k|>M
S; j{: (3N+k|_AWk1%n+n
|k|>M

|k|>M

Thus, the sums converge indeed absolutely and uniformly and the previously formally
defined function u is actually well-defined. Moreover, the uniform convergence of
the sum above implies that we can interchange summation and derivatives, that is:

0" Oyult, x) = 070y Y wi(t, ) = Y 07" Opwi(t, )

kEZ kEZ

and hence 0;"07u(t, x) exists and is continuous. Since m,n € N were arbitrary, this
implies that u € C'.

It follows now directly from the remark above about interchanging derivatives and
summation that u actually solves the Schrodinger equation:

i0u(t, x) = 10, Z ck(f)e_ik%eikx = Z i@tck(f)e_ik%eikx

keZ kEZ
— Z kZCk(f)e—itheikm - _ Z azszk(f)e_ith@ikz
kEZ keZ
= —0py Z ck(f)e_ik%eik” = —0Opu(t, x).
kEZ

Solution of 11.3:

1. If we assume that the solution has the proposed form, then we infer

0= (07 =07 = A) > un(t)e™ = 3 (uyl(t) + (K + [Au(t))e™.

keZ keZ

As the vectors (e%%),cz are linearly independent, we find that for any index k € Z
the following homogeneous second order linear ODE must hold

uf(t) + (K2 + M)ur(®) =0 = up(t) = axcos(\/k2 + |A| - t) + b sin(y/k2 + |\ - 1)
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for any ay, by € C. Matching these coefficients with the boundary condition, we find
that our solution must take the form

u(t,x) = Z u(t)e™*®,

kEZ

ug(t) = cr(f) cos(\/ k2 + |\ - ) + \/% sin(y/k2 + || - ©).

2. We want to show that each derivative of every summand is absolutely convergent
in the supremum norm in R x R, i.e. for any non-negative integers o, 8 > 0 the
following series is bounded

> |orotur)e™

keZ

< Foo. (2)

Indeed, as f,g € Cpg, we know from Theorem 2.22 from the lecture notes that for

all non-negative integer N > 0 we have

D1 (lex(£)] + lex(g)]) < +oo.

kEZ
One can quickly see that this bound also generalizes to
N
> (K 4 1A1) * ([ ()] + len(g)]) < +oo.
keZ
We are now in a position to prove (2) by

> |orodustye

keZ

a+pB a+5_1

o S 2l (B W) T lalol (84 W) T <
(3)

3. Under the weaker assumption, we see that (3) still holds for o+ < 2, thus ensuring
C? regularity.

4. Using the chain rule, it is not difficult to verify that every function of the form
o(x —t) + ¢(xz +t) constitutes a solution to the wave equation.

For the converse direction we quickly see for any phases w,f € R we have

] wt —twt 1 1
cos(wt)e™ = ej;eeww =35 exp(ifzr + iwt) + 3 exp(ifx — iwt),
) 0 eiwt _ e—iwt o ) . 1 ‘ .
sin(wt)e™ = — =3 exp(ifx + iwt) — 5 exp(ifx — iwt).

We can hence verify the claim by

u(t,z) =) (Ck(f) cos(kt) + Cklig) sin(k;t)) pike

keZ

= <ck(f) + C’“é”) exp(ik(z +1)) + 3 (ck(f) - C’“é”) exp(ik(z — 1))

keZ keZ

= ¢o(z + 1) — Yoz — 1),
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where we define ¢y (and analogously (¢)) by

oult) = 3 (ar) + 2 ) explia + 1),

kEZ

the series is convergent in C?, (R) under the decay assumptions on cx(f), cx(g)-
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