D-MATH Analysis IV ETH Ziirich
Problem set 12 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

12.1. Closed answer questions.

1. If g, are continuous and compactly supported functions in R¢ such that g, — ¢
uniformly, is it true that g is necessarily continuous? Vanishes as |z| — co? Has
compact support?

2. Compute the Fourier transform of the indicator function of the interval 1;_; y)(z),
for x € R.

3. Given f € LY(R?) define f * f and explain why (f * f)(0) is not necessarily a
well-defined number (an example suffices). *

12.2. Properties of the Fourier transform. (BONUS)? Determine if the following
statements are true or false.

1. If f € L'(RY), then f € L'(R%).
2. If f is compactly supported, then f € L'(R%).
3.1 f(&1,6) = 222 then f e LY(R2).

1443

4. If f is compactly supported and bounded, then f € Co(R%)3.

12.3. Heat equation for rough initial data. You are given f € L*(—m, ), and
consider the associated heat equation solution defined by

u(t,z) ==Y ce(f)e* ™ for all z € R, t > 0.

keZ

1. Show that u € C*((0,00) x R) and solves the heat equation
Owu(t,x) = Opu(t,x), forallxz € Rjt > 0. (1)

Hint: Start from Parseval’s inequality and argue as in the heat equation proof.

'Hint: Use Young’s inequality: let 1 < p,q,7 < oo be such that % +1=1L41 Then, if f € LP(RY)

1,1
P q

and g € L1(RY), (f * g) is a well-defined measurable function, and

1f *gller < I fllzellgllza-

%You get the bonus point if you answer correctly true/false for at least 3 of the 4 items.
3That is, continuous functions which vanish at infinity.
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2. Show that u assumes the initial datum f in the following L* sense

ltli%l ||U(t, ) - f||L2(—7r,7r) =0. (2)

3. Consider a function v(¢,z) defined in (0, 00) X R which is of class C? in space and
2m-periodic, and of class C'! in time. If v satisfies equations (1) and (2), then v = .

12.4. Free Schrodinger equation in a ring (Part 2). Consider the evolution problem
with periodic boundary conditions (the same from Problem set 11, Exercise 11.2):

10U 4 Oppt = 0 for all (¢,z) € R x R,
u(t,z) = u(t,z+2m) forall (t,z) € R xR,
u(0,2) = f(x) for some given f € C*°(R), 2m-periodic.

1. Show that in Exercise 11.2 we found the only possible solution: if v is a solution of

the problem which is Cger in space and C! in time, then v = v. Hint: argue exactly

as in the proof of uniqueness for the heat equation.
2. Write explicitly u in the case f = 2cos(3x).

3. Does this equation enjoy the “smoothing effect” of the heat equation? Hint: observe
that the size of u; and the size of ¢, (f) are comparable: do we expect regularisation?

12.5. The wave equation (Part 2).

Consider the evolution problem with periodic boundary conditions (the same from Problem
set 11, Exercise 11.3):

Optt — Ogah = AU for all (t,2) € R x R, where A\ <0 is a given constant,
u(t,z) = u(t,z +2m) forall (t,z) € R xR,

u(0,2) = f(x) for some given f € C*°(R), 27-periodic,

Owu(0,z) = g(x) for some given g € C*(R), 27-periodic.

1. (%) Does the wave equation have the “smoothing effect” for positive times?
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12. Solutions
Solution of 12.1:
1. Recall that (C(R%),|| - ||r=) is a Banach space, hence g is continuous. We claim

that g(z) — 0 as |z| — oco. Indeed, for any € > 0 we can find & € N such that
llgr—g||ze < €. Then, thereis R = Ry > 0 large enough such that supp(gx) C Bg(0).
Now for all z € R? with |z| > R we have

l9(z)] = |g(x) — gr()| < |lg — grllLe < e

Thus |g(z)| — 0 as |z| — oco.

Next, we show that with a counterexample that g does not necessarily have compact
support in RY. Let vy, : [0,00) — R,

1, if r <k,
v(r)=q—r+k+1, ifk<r<k-+1,
0, ifr>k+1.

Let gp(z) = vp(|z))e™ " and g(z) = e7"*. Then g; has compact support in R? and
gr — g, as k — oo in L. But ¢ is not compactly supported in R?.

2. For each £ € R compute

1
L =en 2 [ e
-1

1
_ (271_)—1/2[ 1 e—z’ﬁx‘|
-1

—i€
= (27?)_1/2Z.1g (e"E — e‘if)
2 sin(§)
Vi

3. Using Young’s Inequality we obtain that f * f € L'(R?) is well-defined and for a.e.
x € R? we have the identity

(f* @)= [ fle—y)fy)dy.
R
There exist functions f € L'(R?) such that the above identity does not hold for
x = 0. Indeed, consider

fx) = 2|1, ) ().
Then f € L*(RY), but

FenO = [ o= [ iy =
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Solution of 12.2:
1. False. Take for example f = xj_1,1) € L*(R), then

A 2 s1n§
f&) = ¢ L'(R).
Indeed
sin & 00 (k+1)m ‘Siﬂf’ 00 (k+1)m |sin£\ 4 > 1
dé =2 d& > 2 ——d¢ =
|5 Z I €] = kz:%,m (k+1)7r€ 7Tk01+k

2. False. The same counterexample of point 1 still works.

3. False. If by contradiction f was L'(R?), then by Riemann-Lebesgue lemma we
would have f(§) — 0 as [{| — oo. But

7(0,&) = sin(&) 4 0 as |&] — .

4. True. If f is compactly supported and bounded, then f € L! and the Fourier
transform maps L' into Cj.

Solution of 12.3:

1. As fisin L*(—m, 7), we make use of Parseval’s identity

21> Jer(F)IF = lIfII72 < o0,

kEZ

and we record the simple /> bound

Sl;p|ck(f)| < \/—||f||L2

We consider the candidate solution

u(t,z) ==Y en(f) et ihe

kEZ

We claim that the above series converges absolutely for each (¢, ) with z € R and
t > 0, and defines a function of class C*°((0, 0c0) x R) which solves the heat equation.

For 6 > 0 set Q5 := (4,00) x R, and for each m,n € N, we prove the uniform
convergence in {25 of the series of functions

Z am 8n 7k2t zk:p)

kcz

This implies that that our function u is indeed smooth on the same space. We note
that

sup lam 8n Ck(f) e—th eikx)
(z,t)eQs

= sup |(=K)" (k)" er(f) e M et

(:L‘,t)EQ(;
< K e )]
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Thus we can prove the total convergence of the above series, since
k2t g2
sup |0 2 (ci(f) e €M) < 3 [P e (f)] e
kez (z,t)es xR kEZ

< H{ew(F) e D2 [RP™ e < || f][12C(6,m, n) < oo,

kEZ

Which demonstrates uniform convergence in 25. Hence, the potential solution u
is smooth in 25 for each 0 > 0. From the uniform convergence of the derivatives
of all order, we also deduce the right to swap differential and infinite sum, which
guarantees that u is a genuine solution.

2. Again, we apply Parseval’s identity and find

. . k2 2 . 1.2
lim [[u(t, )= fl|7> =lim >_ ‘Ck(f)e F - Ck(f)‘ =lim > |ep(f)f?[e™" =1 =0.
kez kez —0 for fixed k.

The last passage must be justified, for example using the Dominated Convergence
Theorem, in fact the series on the RHS is the integral in L'(Z, P(Z), #) of ¢(k) :=
lee(£)]?|e ™ ** — 1)?, which is dominated uniformly in ¢ since

[0e(k)| < dlex(f)I* € LNZ, P(Z), #),
and converges pointwise to 0 as ¢ — 0.

3. Let v be as in the question. We proceed as we did in the lecture notes, i.e, we show
that v and v must have identical Fourier coefficients.

Let v(t,2) = Y ez di(t) €*2 be the Fourier series representation of v. The dominated
convergence theorem ensures that the Fourier coefficients

1 T ,
di(t) / v(t,z) e " da

:% -

are C! on (0,00). Indeed, let ¢, € (0,00). We take as domination the constant
function ||v||gee ([tg—s,t0+8]xR), for a small fixed § > 0 (we only need to ensure to—9 > 0)
and compute

: : 1 " —ikx
tlg% di(t) = }g% py /_Wv(t, x)e "dx

™

1 : —ikx o
e tli)r%v(t, x)e " dx = di(to)

proving the continuity of dj for arbitrary k.

Using again a constant as dominant for ||0; v|| o ([tg—s,t0+6] xR, We can apply theorem
A.33 (differentiation under the integral) and obtain

d

d 1 T
—d(t
It k( )

e " dion ) v(t,x)e x

1 T ;
B / 8t2]<t,.13) eilkm dx = Ck(atv(t(b'))v
t=to 27T -

t=to
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ensuring the differentiability of d(¢) on (0,00). An analogous argument to the one
we used above shows that the d, are in fact continuously differentiable on the same
interval.

Using the continuous differentiability of the d, equation (1), and the behaviour of
Fourier coefficients under differentiation, we derive

C;iek%dk(t) = M (i (t) + ce(O(t, ) = e (K di(t) + cu(02,0(t,)))

_ ok k2dy,(t) + (ik)? cx(v(t, ) | = 0.
=0k

Thus, di(t) = Ae ", on (0, 00) for some A, € C, for all k € Z.

However, we know that both u,v satisfy equation (2), which implies

limflo(t, ) — u(t, )z = lml[o(t,) — £ + £ — u(t, )|
< limllo(t, ) = fllzz + [[u(t. ) = fllz2 = 0.

By Parseval’s theorem

0 = lim 3 (v — en()e™ P

kEZ

In particular this implies that for each fixed k we have
0 =1lim A — ex(f)]e ™ = e = (/)P <= M = ca(f)

so we must have A\, = ¢x(f), for all k € Z. This means that u and v have identical
Fourier coefficients and are thus equal almost everywhere. But w,v are both
continuous on (0,00) x R, so equal almost everywhere implies equality everywhere,
completing the proof.

Solution of 12.4:

1. Let v be as described another solution with the same initial data and write

v(t,x) = Z di,(t)e'*®,

keZ

where di(t) = &= [7_v(t,z)e”* do = ¢ (v(t,-)).

As in the proof for the heat equation, we first show that d.(t) € C*(R) for all k. For

this, let ¢ € R. We want to show that lim_,; di(s) = di(t). Since v is continuous, it
is bounded on the (compact) rectangle [t — 1,¢ + 1] X [—7, 7] by some constant K;.
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Thus for s close enough, we can dominate v(s,z)e~*® by the constant function K;.

Now, by dominated convergence and continuity of v we get:

1 .
liir%dk(s) = lim/ v(s,x)e” " do = / limv(s,z) e ** dx = d(t).

s—t 2 s—)t

—v(t z

Since by assumption also d,v is continuous, we can interchange integral and differen-
tiation

d1 [~ , 1 [T .
! _ —ikx - —ikx
di(t) = G- v(t,x)e” "™ dx o | Ow(t, z)e ™ du.
Continuity of dj.(t) is shown exactly like above, just with v replaced by d;v. Thus
d, € C'(R).
Next, define F(t) = **'dy(t). F}, is differentiable and
Fi(t) = ike™ dy(t) + e di (1)
— ik2e* i (1) + e ey (Oyu(t, )
— ik2e* i (t) + ie™ e (Opav(t, )
= ik2e*tdy(t) — ik2e™ e (u(t, ) = 0,
—_————
di(t)

for all t € R. So Fj is a constant function with F(t) = ¢x(f). Hence for all k € Z
and t € R, it holds that d(t) = cx(f)e ™",

We can conclude that

) = di()e* = cp(fle M e = u(t, ),
k k

where the equality holds in L?, so almost everywhere. But both u and v are assumed

to be continuous, so equality holds actually everywhere. This shows that u has to

be the unique solution for the Schrédinger equation.

2. We can write f(x) as €3 +e73%. Then the solution is u(t, z) = e (3 4 ¢73%) =
279 cos(3x).

3. Recall that for the heat equation, the solution is smooth for positive times, even if
the initial data is not smooth (for instance if it is only C’;ET) If v is a solution to
the heat equation with initial data f, then v(t,z) = ¥ cx(f)e **'e**. The factor
e+ is what gives v its regularity, as it dominates — for ¢t > 0 — any polynomial in
k. If we compare this to a solution u of the Schrédinger equation with the same
initial data, i.e. u(t,z) = >, ck(f)e_itheik"”, we see that we need fast decay of the
cx(f) in order to have regularity, since the factor e~ **t has modulus 1, hence it does
not contribute to convergence of the series. So in general, the regularity of solutions
to the Schrodinger equation is dependent on the regularity of the boundary data,

contrary to the heat equation.
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Solution of 12.5:

1. If the boundary value f is not continuously differentiable, then the wave equation
has no smoothing properties for the same reason as the Schrodinger equation has no

smoothing properties, that is to say the kth time coefficient cos(y/k? + |A| - t) has
no polynomial decay as |k| — +o0.

On the other hand, if f has a continuous derivative, then u gains one derivative,
regardless of the regularity of the boundary condition g. Indeed, this is a consequence

of the time coefficient sin(y/k? + |A| - t)//k? + |A|, which has a polynomial decay of

order 1.
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