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The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(∗) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary.

14.1. Closed answer questions.

1. If f ∈ L1(Rd) and f̂ ∈ L2(Rd) is it necessarily true that f ∈ L2(Rd)?

2. Is the function 1
1+ix4 in the Schwartz class S(R)?

3. Show that if λ ∈ C is an eigenvalue1 of F : L2(Rd) → L2(Rd), then necessarily
λ ∈ {±1,±i}.

4. Let A be an invertible d×d matrix with real entries. Compute the Fourier transform
of x 7→ f(Ax) in terms of f̂ and A.

5. Given ψ ∈ S(R), show that

1
1 + iξ

ψ(ξ) ∈ S(R).

Hint: recall Leibniz formula for higher-order derivatives of products

(fg)(n) =
n∑

k=0

(
n

k

)
f (n−k)g(k).

14.2. Differential operators with constant coefficients. Let u ∈ S(Rd) be a scalar
function and V ∈ S(Rd,Rd) be a vector field. Compute the following quantities in terms
of û and V̂ 2.

1. F(∇u),

2. F(div V ),

3. F(∆u).

14.3. Fourier transforms. Given u, v ∈ S(R) compute the Fourier transforms of

(x, y) 7→ u(2x)v(y/2)

in terms of û, v̂.

14.4. Dominated convergence review. Motivate each of the following statements
using the dominated convergence theorem in a suitable measure space, but pay attention:
one of them is in fact false!

1That is to say: there exists some nonzero function v ∈ L2(Rd) such that Fv = λv.
2The Fourier of a vector field is taken component-wise, i.e., V̂ (ξ) = (V̂1(ξ), . . . , V̂d(ξ)).
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1. Given f ∈ L2(Rd) it holds
ˆ

{|x|>R}
f(x)2 sin(x1) dx → 0 as R → ∞

2. Given f ∈ L1(Rd) it holds

ˆ
{|x|>R}

√
1 + f(x)2 − 1

1 + f̂(x)
dx → 0 as R → ∞

3. Let ψ ∈ C1
c (Rd) such that ψ(x) ≡ 1 in a neighbourhood of x = 0. Then for each

f ∈ L1(Rd) it holds

lim
ϵ→0

ˆ
Rd

f(x)ψ(ϵx) dx =
ˆ
Rd

f(x) dx and lim
ϵ→0

ˆ
Rd

f(x)∂xj
ψ(ϵx) dx = 0.

4. Let {ck} ∈ ℓ1(N). The map f(t) := ∑
k∈N cke

i sin(k)t is of class C∞(R) and its
derivatives are given by f (m)(t) = ∑

k∈N(i sin(k))mcke
i sin(k)t.

5. Let {ck} ∈ ℓ2(N). The map f(t) := ∑
k∈N cke

ikt2 is of class C1(R) and its derivative
is given by f ′(t) = 2it∑k∈N kcke

ikt2 .

14.5. Decay of the Fourier transform and derivatives. Let f ∈ L2(Rd) such that
it’s Fourier transform decays at infinity as a negative power, i.e., for some α ≥ 0 and large
M ≥ 1 it holds

|f̂(ξ)| ≤ M |ξ|−α for all |ξ| ≥ 1.

The goal of this problem is to show that in fact (up to a modification on a zero measure
set) f ∈ Ck(Rd) for all integers k < α/2d.

1. Consider for each R > 1 the functions

fR(x) := (2π)−d/2
ˆ

BR

f̂(ξ)eiξx dξ,

compute f̂R and show that fR → f in L2(Rd).

2. Show that each fR ∈ C∞(Rd) but in general fR /∈ S(Rd).

3. Using the decay assumption on f̂ , show that {fR} is a Cauchy sequence in L∞(Rd),
provided α > d. Conclude that, up to re-definition on a zero measure set, in this
case f ∈ C(R).

4. Applying the same argument to ∂xj
fR, show inductively that f ∈ Ck whenever

α > d+ k.

assignment: May 27, 2026 due: – 2/2


