D-MATH Analysis IV ETH Ziirich
Problem set 14 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary.

14.1. Closed answer questions.
1. If f € L'(RY) and f € L2(R?) is it necessarily true that f e L2(R%)?
2. Is the function 14—# in the Schwartz class S(R)?

3. Show that if A € C is an eigenvalue® of F: L?(R?) — L*(R?), then necessarily
A€ {£1,+il.

4. Let A be an invertible d x d matrix with real entries. Compute the Fourier transform
of z — f(Azx) in terms of f and A.

5. Given ¢ € S(R), show that
() € S®)
144 '
Hint: recall Leibniz formula for higher-order derivatives of products

EESY (Z)ﬂ"—’f)gw

k=0

14.2. Differential operators with constant coefficients. Let u € S(R?) be a scalar
function and V € S(R%,R?) be a vector field. Compute the following quantities in terms
of & and V2.

1. F(Vu),
2. F(div V),
3. F(Au).

14.3. Fourier transforms. Given u,v € S(R) compute the Fourier transforms of

(z,y) = u(2x)v(y/2)
in terms of i, 0.
14.4. Dominated convergence review. Motivate each of the following statements

using the dominated convergence theorem in a suitable measure space, but pay attention:
one of them is in fact false!

'That is to say: there exists some nonzero function v € L?(R%) such that Fv = \v.
2The Fourier of a vector field is taken component-wise, i.e., V(&) = (Vi (€), ..., Va(£)).
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1. Given f € L?(R%) it holds

/ f(z)?sin(x;) dz — 0 as R — oo
{l=z|>R}

2. Given f € LY(R?) it holds

/ V1+ f@)2 -1
{lel>R)

1+ f(x)

dr — 0as R — oo

3. Let ¢ € C}(R?) such that 1(z) = 1 in a neighbourhood of x = 0. Then for each
f € LY(R?) it holds

lim f( Y (ex) do = Rdf(x)dx and  lim f() JY(ex) dr = 0.

e—0 e—0

4. Let {Ck} € £1<N>- The map f(t) = D keN Ckeism(k)t is of class COO(R) and its
derivatives are given by f™(t) = ¥ cn(isin(k))™cpet s,

5. Let {cp} € 2(N). The map f(t) :== Sjen e is of class C'(R) and its derivative
is given by f/(t) = 2it X pey kepe™

14.5. Decay of the Fourier transform and derivatives. Let f € L*(R?) such that
it’s Fourier transform decays at infinity as a negative power, i.e., for some a > 0 and large
M > 1 it holds A

[f(E)] < M[g|™ for all [¢] = 1.

The goal of this problem is to show that in fact (up to a modification on a zero measure
set) f € C*(RY) for all integers k < a/2d.

1. Consider for each R > 1 the functions
fr(z) = 2m)~ 42 [ f(©)e™ de,
Br

compute fr and show that fr — f in L2(R%).
2. Show that each fr € C*°(R?) but in general fr ¢ S(R?).

3. Using the decay assumption on f , show that {fr} is a Cauchy sequence in L>°(R?),
provided o« > d. Conclude that, up to re-definition on a zero measure set, in this
case f € C'(R).

4. Applying the same argument to 0., fr, show inductively that f € C* whenever
a>d+k.
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14. Solutions

Solution of 14.1:

1. Yes this is true. As the (inverse) Fourier transform is an isometry in L? (Plancherel’s
formula) and so since

1f 2ty = 1F 2y = 1F |2y < oo

2. Let f(x) =1/(1+iz"). For f to belong to the Schwartz space S(R), one must have
x = a"D"f € L>®(R), for all n,m € N. However, if we choose m = 0 and n > 4, it

is clear that
2" |z["

I1+iz%  (1+2°)
hence f does not belong to S(R).

1/2 ¢ LOO(R)a

3. Assume X\ € C is an eigenvalue of the Fourier transform and let f € L?(R%) be
its associated eigenvector, i.e. F(f) = Af. We know that the Fourier transform
is an isometry on L?, with inverse the inverse Fourier transform. We note that
F(f)(z)=F 1 (f)(—z), for all f € L* x € R% Thus, one has F2(f)(x) = f(—z),
for all z € R? and hence F*(f) = f, for all f € L% Thus, our eigenvalue A\ must
satisfy A* = 1, which implies A € {£1, +i}.

4. Let f € LY(R%), define f(z) := f(Ax), where A is an invertible d x d matrix with
real entries. Since A is invertible we have f € L'(R?). We compute F(f).

= 1

F)E) =gy [, f1Aw) e e
(y=4z) 1 (A1) _
= e det(A™)| dy
1 —iy-((A™)T¢
Aot (A2 Jpa T V)€ (e dy
b —INT
5. Take any differential and polynomial order «, 8 > 0 and estimate the supremum
norm in R
xf}@a;w(a:) = |2” za: “) o ! 0° k()
1+ a0 . = \k 1+ zi .
=~ [« B <_i)kk! a—Fk
e o
-y <k> K |27 0o )|
k=
’ <oo!
< +00
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Solution of 14.2: By direct computation
1. F(Vu) = icu(f),
2. F(div V) =i V(§),
3. F(Au) = —[¢)a(g).

Solution of 14.3: Given u,v € S(R), set g(u,v) = u(2x)v(y/2). Then,

g(&,m) —Qﬂ/ / u(2x)v(y/2)e” % e dx dy
2 [ et / o(y)e 2 dy,

where the second equality is because we could interchange integration order for functions
in the Schwartz class and Fubini theorem applies. Hence,

9(&,m) = 4(£/2)0(2n).

Solution of 14.4:

1. Consider the family of functions fr : RY — R given by fr(z) = 1p¢ () f(x)*sin(z,).
We have pointwise fr — 0 as R — oo. Moreover, for every z € RY,|fr(z)| <
|f(2)]? - |sin(z1)| < |f(x)]®. Note that f € L*(R?) implies that [, |f(z)|*dz < oo,
that is, | f|* is summable. Thus the family fg is pointwise convergent and pointwise
bounded by a summable function, so we can apply the dominated convergence
theorem in L'(R?) to conclude

/ f(z)?sin(z))dr = [ fr(x)dr — [ 0dr=0as R— oco.
{lz|>R} Rd Rd
1+ f(z)2-1

e

Since f is summable, we know that its Fourier transform f approaches zero as

|z] — oo. Thus there exists some M > 0, such that for all z with || > M, it holds

that |1 + f(x)\ > £. By definition of fz we have fr — 0 pointwise and for every
R > M and x € R?, we have

1+ 21
fa@) < VIO o)

1/2

2. Consider the family of functions fr : R? — R, given by fr(z) = 1pe

since /14 f(z)?2 — 1 < /f(z)?. So fr is pointwise convergent and dominated (for
R big enough) by a summable function. Hence dominated convergence for L*(R¢)

gives
/ 1+ f(x)? — 1
{lz[>R}

1+f( )

fr(z)dr — 0 as R — oo.
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3. Consider the family of functions f. : R? — R, given by f.(z) = f(x)1(ex). We know
that ¢ = 1 in B,(0) for some r > 0. Then for any x € B, ,.(0), ez is in B,(0) and
so fo(x) = f(z)¥(ex) = f(x). This shows that f. — f pointwise as ¢ — 0. Since
Y € CHR?), it is bounded, |f.(x)| < |[1h||r<|f ()] and so |[1)||p~|f| is summable
and bounds f. pointwise. We can apply the dominated convergence theorem in
LY(R?) and get

fle)(ex)de = | fo(x)de — | f(x)drase—0.

For the second limit, notice ¢» € C}(R?) implies that also its derivatives are compactly
supported, i.e. 9,9 € CY9(R?) and so they are bounded as well. Moreover, since 1
is constant in a neighbourhood of 0, there is some > 0 such that d,,% = 0 in B,(0).
Thus by the same argument as above, the family g.(x) = f(2)0,,1(ex) converges
pointwise to 0 as ¢ — 0. By boundedness, |g.(z)| < [|02,%]|r|f(z)|, where the
upper bound is again summable. So again by dominated convergence in L!(R%):

[(2)0y,¢(ex) dx = / ge(x)dz — 0 ase — 0.
Rd Rd

4. Notice that for any ¢t € R, |f(t)] < 3 [exe™ | = 32, |ex] < oo and thus f is a
well-defined function. We first show that f is continuous: For any k € N, we have
ety cpetsmh)t a5 s st Moreover, |cpe?™*)3| < |¢|, which is summable.
By the dominated convergence theorem for L'(N, P(N), #) we have:

s) = Z cpetSink)s _y Z cre™ Bt — f(t) as s — t,
keN keN

which shows continuity of f. Next, we want to compute the derivative f’(t).
For this, consider w = it (eism(k)h — 1) cpet*™ R For every k € N,

%(e“in(k)h — 1) cope Ry isin(k) - et as b — 0 and for all b € R,
|+ (e“i“(k)h - 1) et < 9sin(k)| - |epe’ B < 2|cg|, which is summable.

So we can invoke again dominated convergence for L'(N, P(N), #) to conclude that

ey T f(t+h)—f()
fi(t) = lim
— hm Z Cp— (ezsm ) isin(k)t
kEN
= im ¢, — £
Z }L ) <€Z sin(k)h ) isin(k)t Z i Sln zsm(k’)
N

keN

Similar to the argument above, we can show continuity of f’, and thus f € C'(R).
We obtain f € C*°(R) and the identity 0™ () = S (i sin(k))™cre’ " *) by iterating
the exact same steps above and ¢ by (isin(k))™ ¢

5. This statement is actually false: Consider the sequence {4} € ¢*(Z) and the map

Ft) = Xpen %eith. This sum diverges for ¢ = 0 and so f is not even continuous at
the point ¢ = 0.
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Solution of 14.5:

1. This is a reality check. Using the fact that the Fourier Transform is an isometry of
L? and f Xpg0) € L*(R?) we get

fr=F(FF xBa©)) = F X80

This allows to compute

||f— fRHi2 = H]?— J?R‘

= [ RO 1= X ©PF dE — o,
L Rd

as R — oco. Here we used dominated convergence with

~

FOI 11— xBa0©F < |7 € L'®RY.

2. Note that by the computation above supp(fz) C Bg(0) so fr € L' N L2 Let
Y € C°(RY) with
1 =1 on Bg(0).

Then R R
fo=F"(fr) = F ' (fa ¥) = @m) "2 fr = F'(v).

Since ¢ € S(R?) also F1(¢) € S(RY) and by standard properties of convolutions
we get fr € C°(RY). For the second part assume that frz € S(R?), then also
fresS (R?). But fr might not even be continuous. Take for example f (x) =
(27) %2 exp(—|x|?/2) with f = f and

]?R = fXBR(o) ¢ CO(Rd)-

3. Assume that a > d. Observe that by fR € L'(R?), since it has compact support
and f € L?. Let 1 < R; < Ry < oo and get

Ry — frulle < (27)" 2| fry — Frullin

s@WM/ o)) de
Br, (0)\Br, (0)

swaWM/ €] de — 0,
{|¢I>R1}

as Ry — oo. Here we used dominated convergence with
€17 X8, 0)<(€) < [E]7 XBr(0)e(€) € LY (RT), since a > d.

This shows that (fr)rs1 C C°(RY) is a Cauchy sequence and since C°(R?) is a
Banach space we get fr — g € C°(R?) and pointwise. On the other hand we also
know fr — f in L*(R%) and (up to a subsequence) pointwise a.e., so we must in
fact have g = f up to a redefinition on a null set.
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4. Assume that o > d+ k. Recall the multiindex notation and let g € Nj with |5]| < k.
Using the version of Proposition 3.15 for the inverse Fourier transform we obtain

O frn=F (i & fr),

where we used the facts that fz(¢€) € L*(R?) and £°fr(€) € L*(RY). Let 1 < R, <
Ry < 0o and get

107 fr, = 0 frullpe < (27)2 ||i &% (Fia(€) = i (9)) ],
<(em o [ ) €17 de
Bpr,(0)\Br, (0)

< (2m) 20 / €0 h de — 0,
{l¢I>R1}

as Ry — oo. Here we used dominated convergence with
€17 Xp 0)(6) < 1EITOT Xy () € LHRY).

This shows that (fr)r>1 C CF(RY) is a Cauchy sequence and since CF(RY) is a
Banach space we get for each multi-index |3| < k that

GﬁfR — gs € Ob(Rd),
by Analysis II we know that we must have
9°go = gp for all multi-indeces|3| < k.

Furthermore by uniqueness of the L? limit, arguing as above, we also have gy = f a.e..
Thus we proved that, up to modifying f in a zero measure set we have f € CF(R?).
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