D-MATH Analysis IV ETH Ziirich

Problem set 15 FS 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary.

15.1.

1.

15.2.

15.3.

Closed answer questions.

Let (X, d) be a metric space and let ¢ € X. Assume you have a sequence {z} C X
such that any subsequence {z,} must possess a sub-subsequence {z;, } such that
zj,, = qas { — oo. Is it true that zy — ¢ as k — oo?

. Let u € S(R), show that ||l 74y = 27w * ul| 72 g

Consider the set
X = {uc L*(RY) : 4(¢) = 0 for almost every |¢| > 2},

show that X is closed and not open in L?(R?). Hint: First show that F(X) is
closed. Then...?
Consider the set
X = {ue L'R) N IA(R) : /u — 0},
R

show that X is dense in L?(R). What happens if we consider the exact same question
in [—7, 7] instead of R? Hint: again, try computing F(X) and use that F is an
isometry.

Let H be an Hilbert space and T': H — H a linear operator of which we know the
eigenvalues {\ }reny and the corresponding eigenfunctions {vy }ren. Suppose that
there exists an operator S such that So7 =T oS = Id. Show that \; # 0 for every
k € N and determine the set of eigenvalues of S.

A simple compact operator on (2. Consider the map 7T': (*(N) — ¢*(N) defined

T((zk)ren) = (i;) -

. Show that T is a continuous linear operator and determine its norm.

Show that 7" is limit (in the operator sense) of finite rank operators. Is 7' compact?

Determine the set of eigenvalues and the spectrum of 7'

A differential equation. Given ¢ € S(R) we consider the differential equation

u'(z) +u(x) = ¢(x) for all z € R.

. Show that there is a unique solution within the class of Schwartz functions.

assignment: June 2, 2026 due: — 1/7



D-MATH Analysis IV ETH Ziirich
Problem set 15 F'S 2026

2. Taking the Fourier transform of both sides of the equation, and then the anti-Fourier
transform show that

ulz) = / a(€)P()eE de,

is indeed a solution of the above problem, for an appropriate function a(§) to be
determined.

3. Solve again the above ODE, this time with classical methods (multiply by e’ etc..).

4. Check that the two results you found are indeed the same.

15.4. Spectral decomposition of the Laplacian on an interval. The goal of this
exercise is to show that there exists a Hilbert basis of eigenfunctions for the Laplace
operator —% on I = (0,7) with Dirichlet boundary conditions; namely there exists a
Hilbert basis {e,} C L*(I,R) and {)\,} C R such that

—€, = Anén,
en(0) = e,(m) = 0.
1. Let f € L*(I,R) and consider the problem

' =,
{u(()) =u(m) =0. M)

Recall that B = {asin(kx)};>1 (where a = /2/7) is a Hilbert basis for L2([0, 7], R).
Write formally both w and f as a Fourier series on (0, 7) using the basis B and write
a formal solution u = u(f) of (1).

2. Give a sufficient condition on the Fourier coefficients of f to make sure that u
is a classical solution of (1) (namely, u is at least C? and matches the boundary
conditions)

3. Show that the formal solution u belongs to L*([0, 7], R) and prove that the map
T: L*([0,7],R) — L*([0, 7], R) defined by T'(f) = u(f) is continuous, self-adjoint
and compact.

4. By the Spectral Theorem, we know that there is a Hilbert space consisting of
eigenfunctions of 7. Show that the same eigenfunctions are eigenfunctions of —%.
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15. Solutions

Solution of 15.1:

1.

Yes it is true. Assume by contradiction there is 6 > 0 such that d(x;,q) > ¢
for infinitely many j’s. Then we can extract a subsequence z;, that cannot have
any sub-sequence converging to ¢, since it is always at least 0 -distant from it,
contradiction.

. We have

lallze = 12*]]72 = 2m[lw s ul|7..

. F(X) contains all L? functions supported in the ball of radius 2, which is a closed

subspace since if v; € F(X) and v; — v in L*(R) then there is an appropriate
subsequence {v;, } which converges pointwise also almost everywhere to v, hence
v must vanish outside B, that is v € F(X). Since X = F ' F(X) and F~! is an

isometry we must have X closed.

Since L? is connected if X was both open and closed it would be either empty or
the full L2, which is clearly not the case.

. F(X) contains all the Schwartz functions vanishing at & = 0. This class is dense in

L? so, F~! being an isometry, necessarily X is dense in L.

In the case of the interval X would not be dense at all being the kernel of the
nontrivial continuous linear functional u +— ffﬂ u. The point is that the linear
functional u — [; u is not bounded (nor well-defined) in L?(R).

Suppose by contradiction that A\ = 0 for some k € N, this would mean that there
exists a vector vz # 0 such that T'v; = 0. Applying S to this relation, we would find

vp =S oT(v;) =S5(0) =0,
which is a contradiction. Secondly, applying S to the relation
Tvk = )\kvk

we find
)kavk = VU

and using that Ay # 0 for every k € N, we conclude that {1/A} C EV(S). On the
other hand if there was an element p € EV(S) different from any {1/} and with
eigenfunction v,,, then applying T to

Sty = pvy

we would get that 1/u is an eigenvalue of T, which is a contradiction. Therefore,
EV(S) = {1/}

Solution of 15.2:
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1. We readily check that
2 - Iz — 9 2
IT(2) |72 = > 1 S > i = |lzllz,-
k=1 k=1

and that, defining e; = (1,0,...), T(e;) = e;. These two facts together imply
17} = 1.

2. For every m > 1, set T,,,: *(N) — (*(N) as
To Tm
Tn((zr)ken) = <$17 227 0,0,.. ) )

It is clear that the range of T}, is contained in an m-dimensional subspace of ¢*(N),
thus 7, is compact. We check that

[T =Tl = sup |[[T(x) = T(x)]le

llz]l2=1

= suwp | > oo
llzll,2=1 \ g>m+1
2

1
< —— sup Z Ty,
(m + 1)2 ||37||z2:1 k>m—+1
1

< - 50
~ (m+1)?

as m — oo, i.e. T,, — T as operators. Since the class of compact operators is
closed in the topology of the operator norm, 7" is compact.

3. An eigenvalue of T is an element x € ¢*(N), z # 0 such that for some constant \ it
holds
T(x) = Ax.

Passing to the coefficients, the eigenvalue equation reads

— =Mz Vk>1 (2)
If k is such that z; # 0, this implies A = 1/k?; but then (2) forces z; = 0 for every
j # k. In particular, the eigenvectors of T" are the elements {e;} of the standard

basis and the corresponing eigenvalues are 1/k?. Lastly by Theorem 4.38, using
compactness of T', we get that the spectrum is

o(T) = {0} U{1/k 1.

Solution of 15.3:
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1. Suppose that u,v € S(R) are solutions to the differential equation. We then define
the difference w := u—v € S(R) and note it solves the following differential equation

wHw=w-v)4+w—-v)=u+u— (0 —-v)=¢—¢=0.

This is a first order linear differential equation with the solution w(t) = ce™* for any
c € C. Since w € S(R) we must have that w is bounded, which can only be the case
if ¢ = 0. From this we infer the uniqueness since w = 0 means u = v.

2. Since both sides of the equation are L' functions, we may take the Fourier transform.
We compute

Fo(§) = Flu+u')(§) = Fu(§) +i&Fu(§) = (1 + i) Fu(§).
Dividing by 1 + i€ (which is never zero!) yields

1

Ful®) =17 i€

Fo(8).

Since ¢ € S(R) we know that F¢ € S(R). Hence Fu € S(R), which implies that
u is itself a Schwartz function. As a consequence we are able to apply the inverse
Fourier transform to get

_ _ 1 1 i€x
u(z) = F Fu(z) = F lm}"qb(x) = /R qus(g)ef d¢.

So the claim holds if we define the integral coefficient

3. Multiply the differential equation by e* to get
e"d(x) = u(x)e® + u'(x)e” = (u(x)e®).

Since e*¢(x) — 0 as v — —oo (¢ is bounded), we can take the integral on the
interval (—oo, x) to get

u(x)e® = /:; e'p(t) dt.

Finally divide by e”, which yields the solution
u(z) = / e (t) dt.

4. We have found two smooth solutions:

u () = leli‘é}"gb and  us(z) = /_oo e T o(t) dt,
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we wish to show that u; = uy. Notice that if we introduce the L'(R) function

h(z) == e "1(g00) (),

then us can be written as a convolution, namely

u(z) = / €1 000y (& — )S(E) dt = (% $)(2),

thus by the properties of the Fourier transform we find (notice that both h and ¢
are in L'(R?))

@(€) = V2rh(€)9() = 1 59?5(5) i,(€), for all € € R,

since the Fourier transform is injective we conclude u; = uy. We used that B(g ) =
11
Var 1+iE”

Solution of 15.4:

1. We write formally

u(z) =ad wsin(kr) and f(z) =a ) frsin(kz)

k>1 k>1

and we find

—u" =) Kusin(kzr) = a ) fisin(kz) = f(z).

k>1 k>1

Thus, we define for every f € L*(I,R) the function defined by the expression

T(f)(z) =u( faZ—sm (kx).

k>1

2. Observe that, if

UL TR

k>1 k>1

we obtain that u = T'(f) is class C? and satisfy the boundary condition, therefore is
a classical solution.

3. Observe that the series converges in L? as a consequence of Theorem 2.13 and the
fact that

az —sm (kx)

k>1

s () <xpew

L2 k>1 k>1

The same calculation shows also continuity of the map. Self-adjointness follows
directly; if u = T'(f) and v = T'(g), then

/IT(f)g:/Iuv”:/IUNUZ/IfT(9>
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where we used twice integration by parts and the boundary conditions. Compactness
can be shown directly but we present a different proof. We recall that L*(I,R) is
isometric to £%(N) via the isometry that maps any Hilbert basis B into {ey, es, ... }.
In particular, the operator T is mapped into T defined by

T(x) = (2k/k*)pz1.
By the previous exercise, T is compact, which implies the same for 7.
4. By differentiating twice the eigenvalue equation piup = Tuy we find

pruy, = (Tug)" = —uy,

thus, uy is also an eigenfunction of — d‘fQ with eigenvalue 1/
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