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The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(∗) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a multiple-choice question that can contribute to extra points in the final
exam; refer to the webpage for more information.

2.1. Projections and reflections. Let (V, ⟨·, ·⟩) be an inner product space over C and
| · | =

√
⟨·, ·⟩.

1. Fix a nonzero vector e ∈ V and define the orthogonal projection onto span{e}:

Pe : V → V, Pe(v) = ⟨v, e⟩
⟨e, e⟩

e.

Prove that Pe is linear and continuous (with respect to the topology induced by
| · |), and that it is 1-Lipschitz, i.e.,

|Pe(v) − Pe(w)| ≤ |v − w| ∀v, w ∈ V.

2. Define the reflection across span{e} by

Re(v) := 2Pe(v) − v.

Prove that Re is continuous and is an isometry, i.e.,

|Re(v) − Re(w)| = |v − w| ∀v, w ∈ V.

2.2. Inner product spaces.

1. Let V := Mn×n(C) be the space of n × n matrices with complex entries and define
the Frobenius product ⟨·, ·⟩ : V × V → C as

⟨A, B⟩ := Tr(AB†) =
n∑

i,j=1
aijbij

where Tr denotes the trace and B† is the Hermitian transpose of B, obtained by
transposition and complex conjugation of the entries: B† = BT . Show that (V, ⟨·, ·⟩)
is an inner-product space. Hint: first observe that Tr(A) = Tr(A†).

2. Let V := Pn(C) be the vector space of complex polynomials of degree ≤ n. Fix
pairwise distinct points x0, . . . , xn ∈ R and define

⟨p, q⟩ :=
n∑

k=0
p(xk) q(xk).

Is this an inner product on V ?
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3. Let W := L2(0, 1;Cm), i.e. the space of (equivalence classes of) measurable maps
u : (0, 1) → Cm such that

´ 1
0 |u(t)|2Cm dt < ∞, where | · |Cm is the standard Euclidean

norm. Define, for u, v ∈ W ,

⟨u, v⟩W :=
ˆ 1

0
u(t) · v(t) dt, u · v :=

m∑
j=1

uj vj.

Show that this makes W into an inner product space.

2.3. Continuity of operations. An inner product space (V, ⟨·, ·⟩) is also a metric space
under the norm | · | :=

√
⟨·, ·⟩, hence it has a natural topology. Prove that ⟨·, ·⟩ and the

vector space operations (·, +) are continuous from V × V (resp. V × C, V × V ) endowed
with the natural product topology, to C (resp. V , V ). Recall that a natural topology in
V × V is the one induced by | · |, i.e. the one induced by the norm

|(v1, v2)|V ×V := |v1| + |v2|.

Similarly, the norm (thus the metric and the topology) on V × C is given by

|(v, α)|V ×C := |v| + |α|.

2.4. Topology of normed spaces. Determine whether the following sets X are
well-defined, open, close, subspaces and convex.

1. In the normed space (C([0, 1]), ∥ · ∥L∞), the subset

X = {f ∈ C([0, 1]) : f(0) = 0}.

2. (BONUS) Fix g ∈ L2(0, 1) with g ≠ 0. In the normed space (L2(0, 1), ∥ · ∥L2), the
subset

X =
{

f ∈ L2(0, 1) :
ˆ 1

0
f(x) g(x) dx = 1

}
.

□ Not well defined.

□ Well defined, open and convex.

□ Well defined, closed, convex but not a linear subspace.

□ Well defined, closed and linear subspace.

3. In the normed space (L2(0, 1), ∥ · ∥L2), the subset

X = {f ∈ L2(0, 1) : f(1/2) = 0}.

4. (∗) In the normed space (L2(0, 1), ∥ · ∥L2), the subset

X =
{

f : f ≥ 0 and
ˆ 1

0

2f

1 + f
≥ 1

}
.

Hint: observe that the map s 7→ 2s/(1 + s) is concave for s ≥ 0.
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