D-MATH Analysis IV ETH Ziirich
Problem set 2 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a multiple-choice question that can contribute to extra points in the final
exam; refer to the webpage for more information.

2.1. Projections and reflections. Let (V) (-,-)) be an inner product space over C and
[T =

1. Fix a nonzero vector e € V and define the orthogonal projection onto span{e}:

P:V =V, P)= 222 e.

Prove that P, is linear and continuous (with respect to the topology induced by
| - ), and that it is 1-Lipschitz, i.e.,

|P.(v) — P.(w)| < |[v—w|  Yv,wéeV.

2. Define the reflection across span{e} by
R.(v) :=2P.(v) — v.
Prove that R, is continuous and is an isometry, i.e.,

[Re(v) = Re(w)| = Jv —w|  Vo,weV.

2.2. Inner product spaces.

1. Let V := M,,«»(C) be the space of n x n matrices with complex entries and define
the Frobenius product (-,-): V xV — C as

<A,B> = TI‘(ABT) = Z aijgij

i,j=1

where Tr denotes the trace and BT is the Hermitian transpose of B, obtained by
transposition and complex conjugation of the entries: BT = BT. Show that (V, (-,-))

is an inner-product space. Hint: first observe that Tr(A) = Tr(At).

2. Let V = P,(C) be the vector space of complex polynomials of degree < n. Fix
pairwise distinct points xg, ..., z, € R and define

n

(0, @) =D plaw) qlay).

k=0

Is this an inner product on V7
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3. Let W := L?*(0,1;C™), i.e. the space of (equivalence classes of) measurable maps
u: (0,1) = C™ such that fol |u(t)|2m dt < oo, where | -|cm is the standard Euclidean
norm. Define, for u,v € W,

1 m
(u, v)w = / u(t) - v(t) dt, u-T =Y U
0 j=1
Show that this makes W into an inner product space.

2.3. Continuity of operations. An inner product space (V, (-, -)) is also a metric space
under the norm | - | := \/m , hence it has a natural topology. Prove that (-,-) and the
vector space operations (-, +) are continuous from V' x V' (resp. V x C, V' x V) endowed
with the natural product topology, to C (resp. V, V). Recall that a natural topology in
V' x V is the one induced by |- |, i.e. the one induced by the norm

[(v1, v2) vy := [v1] + [va].
Similarly, the norm (thus the metric and the topology) on V' x C is given by

(v, @) [vxe = [o] + |a].

2.4. Topology of normed spaces. Determine whether the following sets X are
well-defined, open, close, subspaces and convex.

1. In the normed space (C([0,1]),] - ||ze), the subset
X ={reC((0,1]): f(0) = 0}.

2. (BONUS) Fix g € L*(0,1) with g # 0. In the normed space (L*(0,1), || - ||z2), the
subset

X = {fe L2(0,1) /1f(x)g(x)d:c: 1}.
0
(] Not well defined.
(1 Well defined, open and convex.
[0 Well defined, closed, convex but not a linear subspace.
(] Well defined, closed and linear subspace.
3. In the normed space (L%*(0,1),] - ||z2), the subset

X ={f € L*0,1): f(1/2) = 0}.

4. () In the normed space (L*(0,1), ] - ||z2), the subset

X:{f:fZOand /0112_{]021}.

Hint: observe that the map s +— 2s/(1 + s) is concave for s > 0.
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2. Solutions

Solution of 2.1:

1. Linearity is immediate from conjugate symmetry and linearity of the inner product
in the first variable. For continuity/Lipschitz, compute

(v—w,e)
{e;€)

Therefore, using Cauchy—Schwarz and (e, e) = |e|?,

P.(v) = P.(w) =

Po(v) = Pu(w)] = W o] =

Hence P, is continuous (indeed 1-Lipschitz).

’<U_w7€>‘ < ‘1} —|U|}H€‘ _ |v—w|.
e

el

2. Since R, = 2P, — Id and both P, and Id are continuous, R, is continuous. For the
isometry property, decompose any x € V as

v =P(x) + (z - P(x)),
where P,(z) € span{e} and z — P.(z) L e. In particular, P.(x) L (x— Pe(x)>. Then
Re(z) = 2P.(x) — x = P(z) — (z — Pu(2)),

i.e. R, leaves the span{e} component unchanged and flips the orthogonal component.
Hence for z := v — w,

[Re(v) = Re(w)| = [Re(v = w)| = | Po(x) = (= Pu(w)) |
Using orthogonality,
2
|Re(@)]? = |P(2)P + |2 = Pu(2)| = |af?,
so |Re(z)| = |z| and therefore |R.(v) — Re(w)| = |[v — w|.

Solution of 2.2:

1. We need to check that (-,-) satisfies the three axioms of inner product space:
conjugate symmetry, linearity in the first argument and positive definiteness. First
observe that the property Tr(A) = Tr(Af) follows directly from the fact that the
trace is invariant by transposition. Remark also that Hermitian transposition is an
involution, i.e. (BT’ = B. Then

(A, BY = Te(AB") = Te((ABN)T) = Te((BN)TAT) = Te(BAT) = (B, A)

and hence conjugate symmetry holds. Linearity in the first argument follows trivially
by linearity of the trace and, if A # 0,

TI‘(AAT) = Z ;A5 = Z |aij]2 > 0.

i,j=1 1,j=1

which proves positive definiteness.
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2. Yes, it is an inner product on P,(C). Conjugate symmetry and linearity in the first
argument follow from the corresponding properties in C:

n n

(0,a) =Y p(xe)alzr) =D qlzr)p(ze) = (¢, p),

k=0 k=0

n

(ap + Br.q) = > (ap(xx) + Br(ze))q(zr) = alp, q) + B{r,q).

k=0
For positive definiteness,

p) = Z Pl >0,

and (p,p) = 0 implies p(zy) = 0 for all £ = 0,...,n. Since the z; are distinct and
degp < n, the only polynomial with n + 1 distinct zeros is p = 0.

3. Let us observe that (-, -)y is well defined: by Hélder and Cauchy—Schwarz inequalities
one has

1/ 2 1/2
/ ’U ’dt < / |u ‘Cm ”U ‘(Cm dt < / ’u ’Cm dt / ‘U |(Cm dt < Q.

-, )w is clearly linear in the first argument and conjugate symmetric: in fact

(au + Pw, v)w = /0 (au(t) + Bw(t)) - v(t) dt = alu, v)w + B{w, v)w.

and

(v,u)W:/O v(t)-u(t)dt:/o v(t)-u(t)dt:/o u(t) - v(t) dt = (u,v)y.

We are left to check that (-, )y is positive definite:
1

{(u, u)yy = i u(t)-u(t)dt:/o lu(t)|2m dt >0,

and (u,u)y = 0 implies |u(t)|cm = 0 for a.e. t, hence u = 0 in L?(0, 1;C™).

Solution of 2.3: The sum is continuous (Lipschitz, even) by the triangular inequality
[(v1 4 v2) — (u1 +ug)| < |vr — ur| + |vg — ug| = [(v1,v2) — (w1, ug)|vxv-

So if (v1,v2) and (ug,us) are e-close in V' x V' (i.e., the right hand side is smaller than ¢)
then vy + vy is e-close to u; + us in V. Multiplication by a scalar is also continuous by
homogeneity and the triangular inequality

law — V| < |a = d/[Jo] + [o/[Jv = v'| < max{|a], [v]}(v, @) = (v, &) v xc
which proves the continuity of the multiplication by a scalar.
By the polarization identities the scalar product then needs to be continuous, since it is a

composition of continuous functions.

Solution of 2.4:
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L X = {f € C([0,1]) : £(0) = 0} € (C([0, 1)), ]| - ).
o Well-defined: yes.
« Linear subspace: yes. If f(0) = g(0) = 0 then af(0) + Sg(0) = 0.
o Convex: yes. Every linear subspace is convex.

+ Closed: yes. The evaluation map evy(f) := f(0) is continuous on (C([0, 1]), ||-||..)

and
X = ker(evy),

hence X is closed.

e Open: no. Assume by contradiction that X is open. Since 0 € X, there exists
r > (0 such that the open ball

Boo(0,7) :={f € C([0,1]) : [ flloe <7}

is contained in X. Consider the constant function h(z) = r/2. Then h €
C([0,1]) and
|hllew =7/2 <,

so h € Bo(0,7) C X. But h(0) =17/2 # 0, hence h ¢ X, a contradiction.

2. (BONUS) X = {f € L*0,1): fol fg= 1} C (L*(0,1), || |lz2) with fixed g € L*(0, 1),
g # 0.

o Well-defined: yes. By Holder inequality,

1
Jy £ < Ifll2llgllz < oo.

e Closed: yes. Let u;, be a sequence in X and u such that u, — u in L?. We

have
‘ / Ukg — / ug

the latter implying

k—+oco
=L/wh—w43nm—mmuwziléo,

1=kgr+nco/ukg=/ug,

hence u € X, i.e., X contains its accumulation points therefore is closed.

e Open: no. Since X is closed, L? is connected and X # L? X # () we have
that X cannot be open. For a direct proof one can reason as follows. Fix any
f € X and any radius r > 0. We will show that the open ball Br2(f,r) is not

contained in X. Let
ho=- Y

2 gl

€ L*0,1).

Then ,
hlle =5 <

so f+ h € Br2(f,r). However,

1 1 1 r g r
/(f+@w=/]@+/fw=1+< ,g>=1+MMz#L
0 0 0 2 ||9||L2 2

since g # 0 implies ||g||zz > 0. Hence f + h ¢ X, concluding the proof.
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« Linear subspace: no. Observe that 0 ¢ X.

o Convex: yes. Let L(f) = fol fg. ¥ L(f)=L(h) =1, then L(tf 4+ (1 —t)h) =
tL(f) 4+ (1 —t)L(h) = 1 for every t € [0, 1].

Therefore the correct checkbox is:

‘Well defined, closed, convex but not a linear subspace. ‘

3. X ={f€L0,1): f(1/2) =0} C (L*(0,1), ] - [l2).

o Well-defined: no. In L?, functions are equivalence classes modulo equality
a.e., hence two representatives that differ only at the single point x = % define
the same element of L? but may satisfy f(1/2) = 0 or not.

4 X ={f:f>0and [ 25 >1} C (L20,1),]|-[|2).

o Well defined: yes. For all w € L?, u > 0 it holds
1 1
Pul®] gy o / 2dt =2
o [1+u(t) 0

as for any nonnegative number [2u/(1 + u)| < 2.
o Linear subspace: no. 100 € X but —100 € X.

« Convex: yes. Because the function 1: s — 2= is concave for s € [0, 00). So
if u,v € X and t € [0, 1] we have for almost every x

tu(z) + (1 —t)v(x)

1+ tu(z) + (1 — o(z) Y(tu(z) + (1 = t)v(z))

v(x)
1+ov(z)’

u(z)

t71+u(x) +(1—1t)

> tp(u(z)) + (1 = t)p(v(z)) =
integrating both sides of this inequality we find

otu() + (1 —t)u(z) b 2u(x) B L 2u(x) . o
/02 x>2t/0 STt t)/02t1+(1 P=1,

1+ tu(x) + (1 —t)v( 1+ u(x 1+ v(x)
which means that tu + (1 —t)v € X.

e Closed: yes. To check closeness we pick a sequence u, € X with up — u in
L?. We want to show that also u € X. We take a subsequence (which we don’t
re-label) and gain that also ug(x) — u(x) for all x € (0,1) \ N with |N| = 0.
Since u; were nonnegative we find that also u > 0 a.e. It remains to show that
f 1+Lu > 1. To do so we invoke the dominated convergence theorem, i.e. since
the integrands are bounded by a common function

2|ug|
|1—|—uk|

< 2 uniformly in k,

we can exchange pointwise limit and integral and find
1 1
2 2
/ . lim / T
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o Open: no. Since X is closed, L? is connected and X # L% X # () we have
that X cannot be open.
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