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The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(∗) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a multiple-choice question that can contribute to extra points in the final
exam; refer to the webpage for more information.

3.1. Scalar products and Hilbert spaces. Prove or disprove whether the following
pairs (vector space, bilinear form) are Hilbert spaces. Additionally, write down what the
squared norm of a vector is in each case.

1. V := L2(R;C) and ⟨u, v⟩ :=
´
R u(t)v̄(t) dt

1+t2

2. V := {real polynomials of degree at most N} and1 ⟨p, q⟩ := p( d
dx

)|x=0q.

3. V := L1(0, 1) and ⟨u, v⟩ :=
´ 1

0 u(x)v(x) dx.

4. V := Qd and ⟨x, y⟩ := ∑d
k=1 xkyk.

3.2. Legendre Polynomials. Consider the Hilbert space H := L2((−1, 1), dx). Apply
the Gram-Schmidt algorithm to the ordered set {1, x, x2} ⊂ H, and find three orthonormal
polynomials e0(x), e1(x), e2(x).

3.3. Inner product from the norm. Let

W :=
{

u ∈ C∞([−1, 1]) : u(−1) = 0
}

.

Determine which of the following maps ∥ · ∥· : W → R defines a norm on W (no need to
check completeness).

A. ∥u∥A =
(ˆ 1

−1

ˆ 1

−1

|u(x) − u(y)|2
(|x| + |y| + 1)200 dx dy

)1/2

B. ∥u∥B =
(ˆ 1

−1
|u′(x)|2 dx

)1/2

C. ∥u∥C =
(ˆ 1

−1
|u(x)|3 dx

)1/3

D. 2 ∥u∥D =
(ˆ 1

−1
|u(479)(x)|2 dx

)1/2

(BONUS) Which of the above norms (among the ones that are norms) arises from an
inner product? You can choose multiple answers.

1If p(X) is a polynomial, then p( d
dx )|x=0 is the differential operator obtained replacing X by d

dx and
then evaluating at x = 0. Example: if p(X) = X2 + 3 then p( d

dx )|x=0q = q′′(0) + 3q(0).
2u(479) is the 479-th derivative of u.
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□ A □ B □ C □ D

3.4. Quantitative Cauchy-Schwarz inequality. (∗)

(a) Let H be a real inner product space. We write x ·y for the inner product of x, y ∈ H
and |x| for the induced norm. Prove the following identity:

|x||y| − x · y = |x||y|
2

∣∣∣∣ x

|x|
− y

|y|

∣∣∣∣2 ≥ 0, ∀ x, y, ∈ H.

(b) Characterize the set C ⊂ H ×H of pairs of vectors that saturate the Cauchy-Schwarz
inequality, i.e. x · y = |x||y|. Plot C in the case H = R.

(c) If x, y are ϵ-close to saturating the Cauchy-Schwarz inequality, that is

x · y ≥ (1 − ϵ)|x||y|,

then how close are x, y to the set C? Find an upper bound for the quantity

dist
(
(x, y), C

)2
:= inf

(x′,y′)∈C
|x − x′|2 + |y − y′|2.
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