D-MATH Analysis IV ETH Ziirich
Problem set 4 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a multiple-choice question that can contribute to extra points in the final
exam; refer to the webpage for more information.

4.1. Projection on subspaces. For each of the following pairs (H, V) where H is an
Hilbert space and V' is a subspace discuss whether V' is closed or not and give a formula
for the orthogonal projection 7: H — V.

1. H=L*Q,F,p) with u(Q) < oo, and V = {u € H : u = const. p-a.e.}. Hint:
you can use the definition, and minimise the function R 3 ¢ — f, [u(z) — t|*.

2. H=L*(-1,1) and V ={u € H : u(z) = u(—z) a.e.}.
3. () H = L*(R?%) and V is the subspace of radial functions i.e.,

V={uec H:3U e L,,(0,00) such that u(x) = U(|z|) for a.e. z € R?}.

Hint: work in polar coordinates and use item 1. on each spherical shell.

4. (BONUS) What is the projection of the element

v = (M)M € (2(N)

onto the subspace generated by
1
().
N/ neN

Hint: the quantity ||y ||?2(N) is a known explicit number.
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4.2. Projection on convex sets. For each of the following pairs (H, K) where H is
an Hilbert space and K is a convex set (check it, if it is not clear) discuss whether K is
closed or not and give a formula for the metric projection 7: H — K.

1. H=L*(0,1) and K ={u € H:u > 0 a.e.}.
2. H=R?and K = [-1,1] x [-1,1].
3. H=1IL*0,1)and K = {u € H: [ u¢ <0}, where ¢ € L? is given.
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4.3. The tight fishball. Let H be a real Hilbert space and U C H be a bounded,
nonempty set. Show that, among all the closed balls which contain U, there is only one
with minimal radius. Hint: look at a sequence of minimizing balls B,, (x)) and try to
prove that {z;} is Cauchy with the parallelogram identity. It helps to do a picture in 2D,
i.e., work out the case H = IR? first.

4.4. Separable spaces. (x)

1. Show that for 1 < p < oo the space (& (N) is separable.
Hint: Consider the set

S ={x = (Tp)neny € P(N) : 2,, € QVn € N, 2, = 0 except for finitely many n}.

2. The space (g (N) is not separable.
Hint: Consider the set

S ={z = (2p)neny € (*°(N) : 2, € {0,1} Vn € N}.
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4. Solutions

Solution of 4.1:

1. Constant functions are closed in L?, by the usual subsequence reasoning. By
definition of projection we seek the minimiser of

:][ ]u(a:)—t\zdu:tz—Qt][udu+][u2du,
Q Q Q

but a quadratic function of the form 2 — 2Bt + C reaches its minimum at ¢t = B =
f wdp. Thus m( fﬂud,u

2. The subspace V is just the set of even functions, for which the projection is

ula) +u(=v) _

() () 1= Ueyen(T) = 5

This is quickly checked by using the characterisation of the projection: if we set

Uodd (%) == (u(x) — u(—x))/2, then u = Ueyen + Uoaqa and for all ¢ € V' it holds

(u—m(u),d) = (Uogd, ®) = 0.

where vanishing the inner product follows from the integrability of the product uyqq¢
and the fact that, as a product of an even and an odd function, it is odd.

3. We show that V' is closed. Take uy € V, the associated Uy (which are unique) then
satisfy

g — un2sqge) = 0(0B,) / () — Un(r)|2dr
0
= 0 (0B1)||U(r) — Uh(T)H%Q((O,oo),rd_ldr)?

thus {U}.} is Cauchy in L*((0, 00), 74 dr) if and only if {u;} is Cauchy in L*(R?).
Thus if up, — u then Uy, — U and, if the convergence is also a.e. we must have

u(w) = limug(z) = lim U(|a]) = U(|z]) for a.e. € R?,

thus v € V.

The projection is readily computed, given some v € L? we have for each u € V that,
using for each fixed r exercise 1 in the measure space L*(0By, B(0B;),do),

[0 — ul|72 @y = / rit dr/ do(0)|v(r) — U(r)|?
0 0By

> /Ooordl dr /E)Bl do(6)|o(r0) —]iBlv(r.)daf.

So if we define 7 (v = fop, v(|7]0) do(0) then this computation shows that

lv — U||2L2(Rd) > v —7(v)||L2(ray for all u €'V,
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since 7(v) € V we have found the projection. We remark that by changing variables
we can rewrite m as

m(v)(x) = ][ v(x") dH(2') = average of v on the sphere of radius |z|,

where H% 1 is the d — 1 dimensional Hausdorff measure.

4. The projection of z onto the one-dimensional subspace span{y} is

: (z,y)
PIrOJspan r) = Y.
pans) () (, )
We have (this is known as Basel problem)
—+o00 1 71.2
2 _ L _ ™
||?/||e2(N) = nz::l n2 6
and
n 1 1
TnlYn T =
I 12 n T (nr11)
Hence
e I 1 R | 11 7T2 239437889
- n;x"y” - Z  (n+11)? Z Z 6 153679630’
therefore 2 239437889
(x,y) _ 6~ Tszomoes0 _ 1 _ 239437889 ‘
(y,y) 7;),2 2561328072
Finally

239437889 )
Y

PIOJspany} () < 2561328072

so the correct answer is B.

Solution of 4.2:

1. The closure of K is
K={ueH:u>0ae}
We define 7(u) := uy = max{u,0} € K, then u = u; —u_ and for all ¢ € K

(u—m(u),¢—m(u)) :—/OIU—(¢—U+):—/01U—¢—U—U+ <0.
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2. K is closed (compact, even) and the projection is given by m(z1,x2) = (g(z1), g(z2))
where ¢ is the truncation g: s — min{max{s,1}, —1}. We can see this is the
projection since we have, for all z € K,

(x = m(z),z = m(x)) = (21 = g(21)) (21 — g(21)) + (22 — 9(22)) (22 — g(22))
and we can check directly that

=0 if 1<z <1
<0 if |zl >1

(zi — g(xi)) (2 — g(:)) {

so that the expression above is nonpositive (check separately the cases z; > 1 and
T; < —1)

3. Since K = ¢~ ((—00,0]), where p(n) = (n, ¢) is a continuous functional, K is closed.
We check that

m(u) = u —max{0, (u, 9)} ¢,
where ¢ = ¢/||6|. If (¢, ¢) < 0 then
1/} —Uu+ <u7 §g>+§z§>

(u—m(u),d—m(u) = (u,d) (P,
:%{M_<U>é> + (u,q;>+} <0.

>0 <0 <0

Solution of 4.3: Let B(xy,rx) be a minimizing sequence of balls whose closure contains
U, that is U C B(xy, ) and

redo:=inf{r>0:3x € HUC B(z,r)}.

First, o < oo because U is bounded. The case o = 0 is substantially simpler, so assume
0 > 0. The only thing to prove is that (xj) is Cauchy. Since the radii are monotone we
have U C B(x,ri) N B(xp, ) for all h > k, and by Pythagoras’ theorem (one can work
in the euclidean plane generated by xy, z, and any element z of U, and make a picture)

we find
T + Tp

B(zxy, ry) N B(zp, ) C B( (12 — |y, — a;h]2/4)1/2>. (1)

Thus by definition of ¢ we have ri — |x;, — xp,|>/4 > 0* for all h > k, which gives that (zy)
is Cauchy, since 7 | o.

The rigorous proof of (1) is the following. Set T := (zy + x,)/2 and pick any y €
B(zk, r) N B(xp, 1), then use the parallelogram identity on [z, y, xp, 22 — y|, which gives

Aly — 2 + oy, — anl” = 20y — * + 20y — @* < 2 + 21 < 4o,

that is (1).

Solution of 4.4:
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1. Let 1 < p < 0o. We will show that the set S in the hint is dense in 7(N). Note that
we can write

U Sy with Sy ={z=(zn)nen € ?(N):2,€QVneN, z,=0Vn> N}

NeN

Each Sy is isomorphic to QY and is thus countable. Since a countable union of
countable sets is countable, this shows that S is countable. Let now x € ¢?(N) and
€ > 0 be arbitrary. We will show that there exists s € S with ||z — y||» < €. Denote
by ex = (8,4)nen the standard orthonormal basis of /2(N). We can choose N large
enough, such that

ol = v €
T =Y Tne,| = < > |xn|p) < =
n=1 n=N-+1 2

(since the left hand side converges to zero as N — o). Now the sequence y =
Zivzl xpe, € (P(N) has y, = 0 for all n > N. Since Q is dense in R, for all n < N

we can choose s, € Q such that |s, — z,| < 2]\;. Set s = nN:1 Sn€rn. Then
P

N
€
Iz = slle <l = gl + lly = sl < 5+ (X Jow = 5al”)” < e

n=1

2. The set S C ¢*°(N) in the hint is uncountable. Indeed, it is equal as a set to the
power set of N, i.e. the set of all subsets of N which is uncountable. Alternatively,
sending x € S to Y02, 27" maps S onto the interval (0,1) (this is just the binary
expansion of a real number). Now for any two elements x,y € S with z # y, we
have || — y||s= = 1. Thus, the open balls B () in £>°(N) for different x € S are
mutually disjoint. If A C ¢*°(N) were a countable dense set, then for every z € S
there must be y € A such that ||z — y| < 3. Thus, each of the uncountably
many disjoint open balls must contain an element of the countable set A. This is

impossible.
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