D-MATH Analysis IV ETH Ziirich
Problem set 5 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

5.1. True or false?.

1. In order to prove that a linear map T: L*(R) — L?*(R) is continuous it is enough to
prove that ||Tul| 2y < 100, provided u € L*(R) and |Ju|;2r®) < 7. True or false?

2. If ¢ is a continuous linear functional on an Hilbert space H, then ker ¢ is a closed
vector subspace of H. True or false?

3. The inequality “[|(ux)|leeay < ||(ur)]|o vy for all sequences (uy)”, can be equivalently
phrased as “the inclusion ¢!(N) < ¢?(N) is 1-Lipschitz”. True or false?

5.2. Norm of the multiplication operator. For a fixed measurable function a: (0,1) —
C, consider the multiplication operator

M, : L*((0,1)) — L*((0,1)), Myu(x) = a(z)u(x).

We want to prove that M, is continuous on L?((0, 1)) if and only if @ € L>(0, 1), in which
case the operator norm satisfies || M,||op = [|@]| Lo (0,1)-

1. Prove the inequality

/| |2dx<esssupxe(01\a |/|u )| da,

and deduce that ||M,lop < |la|lL=(0,1)-
2. Show that if £ C (0, 1) is measurable with |E| > 0, then

1M, 1E||%201 —1/|a(x)|2dx
||1EHL201 ‘E| E .

3. By an appropriate choice of the measurable set E in the previous point, prove that
[Mallop = llallze

Hint: Take E =“the set where |a| is large” and recall the definition of essential
supremumn.

5.3. Bounded Linear Operators I. Prove that each of the following linear operators is
bounded from ¢%(N) in itself. Draw the infinite matrix that represents each of them.

1. (Shift operator) S: (ug, u1, ug, . ..) — (0, ug, us, . ..).

2. (Diagonal matrix) M)\i (UQ, Uy, U, . . ) — (AQUO, )\1U1, /\QUQ, .. .), where {)‘j}jZO is
some given sequence such that sup;>q [A;| = 7.
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3. T: (ug,uy,us,...)— (ug — ug,up — ug, ug — ug, .. .).

5.4. Bounded or unbounded?. (BONUS') The following operators are well-defined
bounded operators between the Hilbert spaces below. True or false?

1. T: (*(N) — (*(N) defined by (Tz); = (l;i)lk T
2. T: (?(N) — (*(N) defined by (Tz) = kxy.

3. T: *(N) — (?(N) defined by (Tx);, = log(1/k)xy,
4. T: L*0,1) = L?*(0,1) defined by Tu = |ul.

5. T: L*(0,1) — L?*(0,1) defined by Tu = e“.

5.5. Bounded linear operators II. Prove the following inequalities and interpret them
as the continuity of a suitable linear map between suitable normed vector spaces:

1. For all w € L*(R) it holds
1
/ u?(t) dt < /u2(t) dt.
0 R

2. For all u € C'([0,1]) with »(0) = 0 it holds

1
max [u( )|§/ ()] dt.
0

2€[0,1]

5.6. Compactness in infinite dimensional Hilbert spaces. (*)

1. Show that the closed unit ball BY ™ = {:L‘ € 2(N) : ||zl < 1} is not a compact
subset of ¢2(N).
Hint: Find a sequence contained in the closed unit ball with no converging subse-
quences.

2. Show that C' = {a: = (@n)nen € C(N) : |z,| < 2 Vn e N} is a compact subset of
(% (N). C is known as the Hilbert cube.

Hint: Show that C' is totally bounded, i.e. C' can be covered by finitely many
balls of any fixed radius.

LAt least 3 of the 5 answers must be correct.
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5. Solutions

Solution of 5.1:

1. True. If we can prove it then we can prove that 7" is bounded, exploiting homogeneity.
Precisely, if v € L*(R) then u := v/|[v|| has norm |ju|]| = 1 < 7, hence by positive
homogeneity

ITol[/[lv]l = [|Tu] < 100,

this gives ||Tv|| < 100||v||. Since v was arbitrary, this proves that 7" is bounded.

2. True, the pre-image of a closed set via a continuous functions is closed. In this case
ker ¢ = ¢~ 1({0}), ¢ is continuous and {0} is closed.

3. True. If we consider the inclusion ¢: ¢*(N) — ¢?(N), then by definition of “operator
norm” we have

=

w2 vy
]l 22 ()2 vy) = sup ; (1)
(£1(N),£2(N)) ) HUH£1(N)

Since the operator norm equals the Lipschitz constant, also Lip(¢) < 1. Conversely,
the same remark gives that if Lip(¢) < 1, then ||¢|| 2 av)2qvy) < 1, then (1) holds,
that is the inequality between sequences holds.

Solution of 5.2:

1. This is (a very simple case) of Holder’s inequality

1 1
Ifgllr < W £llerllgliea, where p,q € [1,00], 242 =1,

with f = |a]?, g = |u|?, p = 00, ¢ = 1. More directly, the essential supremum is
characterized by |a(z)| < esssup|a| a.e. So the result follows by integrating w.r.t.
the inequality

la(x)|*lu(x)]? < esssupye(m)|a(y)|2 lu(z)|*> for almost every x € (0,1).
Since ||[Myul|2, = fol la]?|ul? dz and ||ul2. = fol |u|* dz, the inequality is saying

IMaullZ> < llallZe l[ullf>  for all uw e L*((0,1)),

which means (by definition of the operator norm) that ||M,|op < ||a]| L.

2. This follows from a direct computation:

1
Ml = [ laP1hde = [ laP ds
0

1
120, i = / 1% = |E|.
0
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3. Pick any p > 0 such that |{|a] > p}| > 0. Then the previous computation with
E = {[a] > p} gives

M sl 1 o
Sl - / a(@)? de > 12,
elzz B
>p

which proves ||M,|lop > p. As this holds for any such u, we conclude by recalling
that the essential supremum of a measurable function is defined as the largest such

W
lall (0.1 = esssup|a| = sup ({1 > 0: [{la| > p}| > 0} U{0}).

Solution of 5.3:

1. The operator is bounded since for any sequence u € £2(N) we have

1Sullps gy = 02 + D[kl = 3 luxl® = ullzzquy -
k=0 k=0
The infinite matrix of S is
00000
1 000
=10 1 0 0
0010

2. The operator is bounded since for any sequence u € ¢*(N) we have

o0 [e.e] o
”M)\UHEQ(N) = > [l = D Pl < Y0 7P lus]” = 49 HUH??(N)
=1 k=1 k=1

The infinite matrix of M, is

A 0 0 0
0 A 0 O

0 0 0 A3

3. Note that C with the Euclidean inner product forms a Hilbert space. This means
that operator is bounded since for any sequence u € ¢?(N) we can employ the
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parallelogram identity on C to compute
9 oo
||TU||32(N) = Z|Uk — 1|
k=1

oo
<Y uy — Up—1]* + |ug, + up_1|?

k=1
= Z 2|ug|* + 2|up_1 ?
k=1
> 2
<4y |url® = 4ullz ) -
k=0
The infinite matrix of T is
1 -1 0 0
0 1 -1 0
0 0

Solution of 5.4:
1. True. For every z = (z3) € £*(N),

2
= (=) s 1 2 -\ 2 2
1 T|7 = Th| = k™ < D o)™ = ]l
,;::1 k+1 kz::l (k+1) kz::l
2. False. Let x = (z},) defined by
1
Since -
> — < oo,
il
we have x € (*(N). However,

SO
Tz =(1,1,1,...),

which does not belong to £*(N).
3. False. T is not bounded. Indeed, letting {e;}7>, be the standard basis,
IT(ex)l7 = >_ [og(1/5)dk;|* = log® k.
=1

This proves that ||T'(eg)||;z2 — 0o as k — oo, which contradicts boundedness.

assignment: March 18, 2026 due: March 24, 2026 (23:59) 5/7



D-MATH Analysis IV ETH Ziirich
Problem set 5 F'S 2026

4. True. For every u € L*(0, 1), the function |u| also belongs to L?(0, 1), and

1 1
el 12 = / ua)|? de = / (@) de = Jul%.

Therefore
[ Tul|z2 = ||ul| 2

5. False. Take ]
u(x)zlog( ), xz € (0,1).

T

b£1<bg(i>)2dr<<m.

gula) _ Jog(1/z) _ 1

T

1 1 1
/ ]e“(’”)|2dx:/ — dx = oo.
0 o T

Then u € L*(0, 1), since

But

Y

and therefore

Hence e* ¢ L*(0,1).

Solution of 5.5:

1. The inequality follows from the monotonicity of the integral and u? > 0. It can be
interpreted as the fact that the restriction operator

p: L*(R) — L*(0,1), u > uly),

(which is linear) is bounded and, more precisely, ||p||z(2®);L20,1)) < 1.

2. For all z € [0,1] and uw € C*(]0, 1]) with u(0) = 0, we have

x 1
< o (t dtg/ o (1) dt,
Y/Ou)\ o)

so taking the maximum over x we find the sought estimate. If we define

(o) = ) ~ )| = | [y

X ={ue C’l([O, 1]) : with w(0) =0}, ||lu|lx = ||U/HL1(O,1)7

then the inequality is expressing the continuity of the embedding X — C°(]0, 1]).
The fact that X is a vector space is readily checked, while the fact that || - || x is a
norm follows from the linearity of the derivative and

|lul|x =0=u'=0ae =4 =0 (v is continuous)
= u = const = u =0 (since u(0) =0).
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Solution of 5.6:

1. Let e = (0n)nen be the standard basis of ¢2(N). Since |leg[zqy = 1 for all k € N,
the sequence (e )ren is contained in the closed unit ball of £2(N). Notice that for all
J,k € N with j # k, we have

x
ler = ejllZm) = D 10kn — 0| = 2.
n=0

Let ey, be any subsequence of the basis vectors. Since ||ey, — e[| = V2 for all
1, 7, this is not a Cauchy sequence and hence is non-convergent. But every sequence
in a compact subset of a normed vector space must have a converging subsequence.

Notice that the exact same proof shows the non-compactness of the closed unit ball
in any Hilbert space with an infinite set of orthonormal vectors.

2. Note that C' is closed. We will show that C' is totally bounded, that is for any € > 0,
C' can be covered by finitely many balls of radius e. Compactness then follows.
Thus, fix € > 0. Since the sum }, # converges, there is some N € N, such that

n=N-+1 n2 2
Now consider the set

A:{(xl,...,xN)ERN:\:UJS%VlSnﬁN}.

This is a closed and bounded subset of R and thus compact. So we can cover A by

finitely many balls of radius 5:

AC U B(y(i), %), for some ¥ € RV,

i=1

Now for each 1 < i < m, let (9 = (y%i), . ,yﬁ\i,),0,0, ...) € A(N), i.e. this is just
the vector y@ € RY extended by zeros to an infinite sequence. We claim that

C c |JB@D,e).

=1

Indeed, for = € C, we have (z1,...xy) € A, so there is an ¢ with

) N ) N ) € 2
Iz =yl = 3 o = 712 = X llow = 201 < (5 )
n=1 n=1
Then

) N 00 2
i i i € 1
a2 oy = 3 llza=a@IP = X llza=a@lP+ Y fanl < (5) + & <
n=1 n=1 n=N+1 n=N+1

by our choice of N.
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