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The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(∗) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

8.1. Closed answer questions.

1. Construct f : [−π, π] → R which is continuous, but not Hölder at x̄ = 0. Hint: try
with 1/ log(t).

2. Let V be the vector space of sequences f : N \ {0} → R such that

∥f∥V :=
{ ∑

k≥1
k2|f(k)|2

}1/2
< ∞.

Can you choose a scalar product on V that makes V an Hilbert space? Hint: try
to construct an L2 space over N with the right measure.

3. Let V be the vector space of sequences f : N \ {0} → R such that

∥f∥V :=
∑
k≥1

k|f(k)| < ∞.

Can you choose a scalar product on V that makes V an Hilbert space?

4. Explain the difference between the following spaces of (real) functions and provide
elements that fit in one but none of the others:

Cper([−π, π]), C2
per([−π, π]), C((−π, π)), C([−π, π]).

5. If fn → f in L1([−π, π];C) then ck(fn) → ck(f) as n → ∞, uniformly in k? Hint:
try estimating |ck(fn) − ck(f)| with ∥fn − f∥L1 , uniformly in k.

6. For each of the following functions defined on [−π, π]:

• f1(x) = tan(sin(x))

• f2(x) = |x|2/3

• f3(x) = x

• f4(x) = e−x2

• f5(x) = (x2 − π2)2

• f6(x) = |x|−1/2

a) Are the Fourier coefficients well defined?

b) Is it true that SN(f) → f in L2?
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8.2. Fourier coefficients of 2π-periodic functions. Let f : R → C be 2π-periodic
and integrable on [−π, π].

1. (BONUS) Show that

cn(f) = − 1
2π

ˆ π

−π

f
(
x + π

n

)
e−inx dx,

and hence
cn(f) = 1

4π

ˆ π

−π

(
f(x) − f

(
x + π

n

))
e−inx dx.

2. Now assume that f is Hölder continuous of order α, that is

|f(x + h) − f(x)| ≤ C|h|α

for some 0 < α ≤ 1, some C > 0 and all x, h.
Show that cn(f) is of order |n|−α, i.e. for some C̃ > 0 and all n ∈ Z:

|cn(f)| ≤ C̃

|n|α
.

3. (∗) Prove that the above result cannot be improved by showing that the function

f(x) =
∞∑

k=0
2−kαei2kx,

where 0 < α < 1, is Hölder continuous of order α and satisfies cn(f) = n−α whenever
n = 2k.
Hint: Break the sum up as follows f(x + h) − f(x) = ∑

2k≤|h|−1 · · · + ∑
2k>|h|−1 . . .

and use the fact that |1 − eiθ| ≤ |θ| for any θ ∈ R.

8.3. Fourier series of the product. Let f, g ∈ L2([−π, π];C), prove that

ck(fg) =
∑
j∈Z

cj(f)ck−j(g) for all k ∈ Z,

and in particular that ck(fg) is well-defined, and that the series at the right-hand side is
absolutely convergent. Hint 1: First, show the formula for SN (f) and SN (g). Justify the
limit carefully, you need no more than the dominated convergence and Cauchy–Schwarz.
Hint 2: Recall that if SN(f) → f and SN(g) → g in L2, then SN(f)SN(g) → fg in L1.
This implies that ck(SN(f)SN(g)) → ck(fg) (for instance, by exercise 8.1.5).
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