D-MATH Analysis IV ETH Ziirich
Problem set 8 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

8.1. Closed answer questions.

1. Construct f: [—m, 7] — R which is continuous, but not Holder at z = 0. Hint: try
with 1/log(?).

2. Let V be the vector space of sequences f: N\ {0} — R such that
1/2
Ifllv = { R RIP}T < oo,
k>1

Can you choose a scalar product on V' that makes V' an Hilbert space? Hint: try
to construct an L? space over N with the right measure.

3. Let V be the vector space of sequences f: N\ {0} — R such that

Ifllv =" k[ f(k)] < oo

k>1
Can you choose a scalar product on V' that makes V an Hilbert space?

4. Explain the difference between the following spaces of (real) functions and provide
elements that fit in one but none of the others:

Cper([_ﬂ-aﬁ])? C2 ([_ﬂ-vﬂ-])v C((_ﬂ-’ﬂ-))v C([—ﬂ',ﬂ']).

per

5. If f, — f in LY([—=,«]; C) then cx(f,) — cx(f) as n — oo, uniformly in £? Hint:
try estimating |cx(fn) — cx(f)| with || fn — f|z1, uniformly in k.

6. For each of the following functions defined on [—m, 7]:

e fi(z) = tan(sin(z))

o falz) = [a??

o f3(z)==x

o fulz)=e""

o fs(@) = (a® —7?)°
o folz) = |71

a) Are the Fourier coefficients well defined?

b) Is it true that Sy(f) — f in L??
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8.2. Fourier coefficients of 27-periodic functions. Let f : R — C be 27-periodic
and integrable on [—m, 7).

1. (BONUS) Show that

cn(f) = _217T/7r f(x+ %)e‘imj dx,

—T

and hence

en(f) = 417T /ﬂ (f(:c) —f(+ ;;))em da.

2. Now assume that f is Holder continuous of order «, that is
|f(x+h) = f(z)] < Cln|*

for some 0 < <1, some C >0 and all z, h.
Show that ¢,(f) is of order |n|~*, i.e. for some C' > 0 and all n € Z:

C

nf*

len(f)] <

3. (%) Prove that the above result cannot be improved by showing that the function
f(x) _ Z Q—kaeﬂkx’
k=0

where 0 < a < 1, is Holder continuous of order « and satisfies ¢, (f) = n~* whenever
n = 2.

Hint: Break the sum up as follows f(x +h) — f(2) = Xorcpp-1 -+ + Xoksip-1 - -
and use the fact that |1 — | < |0| for any 0 € R.

8.3. Fourier series of the product. Let f,g € L?([—n,|; C), prove that

c(fg) = ¢i(fler—j(g) forall k € Z,

JEZ

and in particular that cx(fg) is well-defined, and that the series at the right-hand side is
absolutely convergent. Hint 1: First, show the formula for Sy (f) and Sy(g). Justify the
limit carefully, you need no more than the dominated convergence and Cauchy—Schwarz.
Hint 2: Recall that if Sy(f) — f and Sx(g) — g in L?, then Sy (f)Sn(g) — fg in L.
This implies that ¢, (Sy(f)Sn(g)) — cx(fg) (for instance, by exercise 8.1.5).
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8. Solutions

Solution of 8.1:

1. Let f(t) = 1/log(t) for t € (0, 7] and f(0) = 0. Then, f is continuous in [0, 7] and
suppose by contradiction that is also Holder continuous in [0, 7|; this means that
there exists @ € (0,1), C' > 0 such that

wp @ =W _

z#£y€[0,7] |l‘ - y|a N
Setting y = 0 we obtain for any = € (0, 7] that
1 a
0 < —
= 7@
which is in contradiction with the fact that lim,\ o |log(z)|z* = 0.

= [log(x/2m)|z*

2. Consider the measure space (N, P(N), i), where

=" k*1a(k)

keN
By definition

J AP da =S LW = 171
N keN

that is, || - ||y is a norm associated to an L? space, thus arising from an inner product.
We conclude that V' is a Hilbert space.

3. As in the previous point we have

11l = 1Al 2 vp o).

where p is as above. Now, the L!-norm is not induced by an inner product and hence
V endowed with the norm | - ||y has not a Hilbert space structure. To show this,
we check that the parallelogram identity is not satisfied: consider f = (1,1,0,...)
and g = (1,—1,0,...), then

1f+9ly+1f—glli =2+0)2+(0+4)>=20
#36=2-(1+2°+2-(1+2)*=2[f[I} +2llgll}-

4. Recall the definitions

(( )

) ={ real-valued continuous functions on (—m,7)},
) ={ real-valued continuous functions on [—m, 7]},
) ={f € C([=m,7]) : f(=m) = f(m)},
)

={f € C([—m,n]) : f is twice continuous differentiable
with f, f', " € Cper([—7, 7))}

—m, 7
PGT([ ﬂ-vﬂ-}
—m, 7

?
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From the definitions the following inclusions follow immediately

C;ir([ 7T77T]) - Cper([_ﬂ-’ﬂ-]) - C([_ﬂ-aﬂ-]) - C((—ﬂ',ﬂ')).

We claim that all inclusions are strict. For every inclusion we construct functions
that belong to the larger space but not to the smaller one. Let f,g,h: [—m 7] = R

be given by
f@) = (x—2)",
g(z) =z,
h(z) = ||

Then

fe C((=m,m)\C([=m,7]),
g € C([=m, 7\ Cper([=, 7)),
h € CpeT([ m 7T])\ per([ 7T77T])‘

5. Yes, this is true. We estimate

ler(f) = el = lee(f = f)l < N Nrommllf = faller—am < = fallr-mm)-
And the right hand side is uniform in & and infinitesimal as n — oo.

6. a) All functions f;, k=1,...,6 are L'(—7, ), so the Fourier coefficients are well
defined.

b) This L? convergence holds for all functions that are of class L2, thus it is valid

for f1, fo, f3, fa, f5. It is not valid for fs, since fg ¢ L? (if the convergence was
true, it would imply that fs € L?).

Solution of 8.2:
1. We calculate

1 " —inx 1 ﬂ'i% f'm T f'm
5w [ fsm)eman= o [ fememdy = —o- [ pwe ™y = e,

where we made the change of variables y = x — 7, used the periodicity of f and

e'™ = —1. The second equality follows by adding the two different expressions for

cn(f)-

2. Using the previous subquestion and the Holder condition, we find

w0 =5 [ (f@)-s(aes) e

and the inequality follows for C' = %CWO‘.

</ ‘f a:+ )’dx<27r0’
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3. We first establish the Holder condition for f. We estimate

o [e.e]

|f(x _|_ h) _ f(l‘)| S Z 2—kaei2k(1’+h) _ Z Q—kaeiQka} S Z 2—]604 eiQkh . 1‘
k=0 k=0 k=0
— Z 271604 eiQkh o 1‘ T Z 27]601 eiQkh o 1‘
2k<|h| -1 2k |p| -1
< Y R Y 22
2k<|h|—1 2k >|Rh|—1
i2kh

where in first sum we estimated |e??"" — 1| < 2¥|h|, and for the second sum we simply

used |e2" — 1| < 2. The second sum can now be bounded by
—ka a .- —ko 2 «a
o227k <opr )y 2R < —|h|*.
2k>|h|-1 k=0 1=2

For the first sum, let m € N be the unique integer such that 27™~1 < |h| < 27™ (we
assume |h| < 1, otherwise the sum is zero). Then

—ka % —a| |« o S —-m\l—a 1 e
> 272N Rl = 3 (28R R < BT o2 < s Al

2k <|h|-1 k=0 k=0

This establishes the Holder continuity of f. Since the series defining f converges in
L? (in fact uniformly), the Fourier coefficients can be read off from the definition.

We have
cn(f) =

n-“ when n = 2* for some k € N,
0 otherwise '

Solution of 8.3:

Let f,g € L?([—m,7];C). First, we point out that the Fourier coefficients of fg are
well-defined by Cauchy—Schwarz, since

(f9) = - [ F@lglae s

and we have

([ rwra) ([ isirar)”

1
= ol fllz2 [lgllz2 < 0.
T

Furthermore, since f, g are L? functions, we know that as N — oo we have

Sy(f) — f and Sy(g) — g in L*.
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Now, using the hints we obtain, for each k € Z

c(fg) = 111{[ﬂ0k(SN(f)SN(9))a (1)

since Sx(f)Sn(g) — fgin L.
Then we find for any fixed k € Z and N > |k

(Sx(1)Sxlo) =5 [ (z cj<f>ew) (z cn<g>eww) ey

—m \|jI<N <N
1 7" ”

= — ¢i(feelg)eT T hrdy
2T J o ()N NP2
1 .

=Y 6(alg) / i+
2T GO N NP -

=0j4+0—k

= Z c;(f)ee(g)

{(,0€Z2:j+0=k,|j|<N,|(|<N}

= Z ck—m(f)em(9),

[m|V|k—m|<N

so, combining this computation with (1), we can conclude provided we show that

lim > Cr-m()em(9) = D crmm(fem(9).

N—
* ImVIk—m|<N mez

This is a consequence of the dominated convergence Theorem in the measure space
(Z,P(Z),+#) since it is equivalent to show that the integral (in this measure space) of

ck-m(flem(g) if Im[V |k —m[ < N,
0 otherwise

¢N(m) = {

converge to the integral of ¢(m) := cx_m(f)em(g). But then clearly
()| < [om)| for all m € 7,
and ¢ € L1(Z,P(Z), ) since
S leNeso) <(ShnF)  (Slatol) "E Il < oo

JEZ JEZ kEZ

Which completes our proof, since we also proved that the series 3¢z |c;(f) cr—;(9)] < oo,
i.e., it is absolutely convergent.
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