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The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(∗) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

8.1. Closed answer questions.

1. Construct f : [−π, π] → R which is continuous, but not Hölder at x̄ = 0. Hint: try
with 1/ log(t).

2. Let V be the vector space of sequences f : N \ {0} → R such that

∥f∥V :=
{ ∑

k≥1
k2|f(k)|2

}1/2
< ∞.

Can you choose a scalar product on V that makes V an Hilbert space? Hint: try
to construct an L2 space over N with the right measure.

3. Let V be the vector space of sequences f : N \ {0} → R such that

∥f∥V :=
∑
k≥1

k|f(k)| < ∞.

Can you choose a scalar product on V that makes V an Hilbert space?

4. Explain the difference between the following spaces of (real) functions and provide
elements that fit in one but none of the others:

Cper([−π, π]), C2
per([−π, π]), C((−π, π)), C([−π, π]).

5. If fn → f in L1([−π, π];C) then ck(fn) → ck(f) as n → ∞, uniformly in k? Hint:
try estimating |ck(fn) − ck(f)| with ∥fn − f∥L1 , uniformly in k.

6. For each of the following functions defined on [−π, π]:

• f1(x) = tan(sin(x))

• f2(x) = |x|2/3

• f3(x) = x

• f4(x) = e−x2

• f5(x) = (x2 − π2)2

• f6(x) = |x|−1/2

a) Are the Fourier coefficients well defined?

b) Is it true that SN(f) → f in L2?
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8.2. Fourier coefficients of 2π-periodic functions. Let f : R → C be 2π-periodic
and integrable on [−π, π].

1. (BONUS) Show that

cn(f) = − 1
2π

ˆ π

−π

f
(
x + π

n

)
e−inx dx,

and hence
cn(f) = 1

4π

ˆ π

−π

(
f(x) − f

(
x + π

n

))
e−inx dx.

2. Now assume that f is Hölder continuous of order α, that is

|f(x + h) − f(x)| ≤ C|h|α

for some 0 < α ≤ 1, some C > 0 and all x, h.
Show that cn(f) is of order |n|−α, i.e. for some C̃ > 0 and all n ∈ Z:

|cn(f)| ≤ C̃

|n|α
.

3. (∗) Prove that the above result cannot be improved by showing that the function

f(x) =
∞∑

k=0
2−kαei2kx,

where 0 < α < 1, is Hölder continuous of order α and satisfies cn(f) = n−α whenever
n = 2k.
Hint: Break the sum up as follows f(x + h) − f(x) = ∑

2k≤|h|−1 · · · + ∑
2k>|h|−1 . . .

and use the fact that |1 − eiθ| ≤ |θ| for any θ ∈ R.

8.3. Fourier series of the product. Let f, g ∈ L2([−π, π];C), prove that

ck(fg) =
∑
j∈Z

cj(f)ck−j(g) for all k ∈ Z,

and in particular that ck(fg) is well-defined, and that the series at the right-hand side is
absolutely convergent. Hint 1: First, show the formula for SN (f) and SN (g). Justify the
limit carefully, you need no more than the dominated convergence and Cauchy–Schwarz.
Hint 2: Recall that if SN(f) → f and SN(g) → g in L2, then SN(f)SN(g) → fg in L1.
This implies that ck(SN(f)SN(g)) → ck(fg) (for instance, by exercise 8.1.5).
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8. Solutions

Solution of 8.1:

1. Let f(t) = 1/ log(t) for t ∈ (0, π] and f(0) = 0. Then, f is continuous in [0, π] and
suppose by contradiction that is also Hölder continuous in [0, π]; this means that
there exists α ∈ (0, 1), C > 0 such that

sup
x̸=y∈[0,π]

|f(x) − f(y)|
|x − y|α

≤ C.

Setting y = 0 we obtain for any x ∈ (0, π] that

0 <
1
C

≤ xα

|f(x)| = | log(x/2π)|xα,

which is in contradiction with the fact that limx↘0 | log(x)|xα = 0.

2. Consider the measure space (N, P(N), µ), where

µ(A) =
∑
k∈N

k2
1A(k).

By definition ˆ
N

|f |2 dµ =
∑
k∈N

k2|f(k)|2 = ∥f∥2
V ,

that is, ∥ ·∥V is a norm associated to an L2 space, thus arising from an inner product.
We conclude that V is a Hilbert space.

3. As in the previous point we have

∥f∥V = ∥f∥L1(N,P(N),µ),

where µ is as above. Now, the L1-norm is not induced by an inner product and hence
V endowed with the norm ∥ · ∥V has not a Hilbert space structure. To show this,
we check that the parallelogram identity is not satisfied: consider f = (1, 1, 0, . . . )
and g = (1, −1, 0, . . . ), then

∥f + g∥2
V + ∥f − g∥2

V = (2 + 0)2 + (0 + 4)2 = 20
̸= 36 = 2 · (1 + 2)2 + 2 · (1 + 2)2 = 2∥f∥2

V + 2∥g∥2
V .

4. Recall the definitions

C((−π, π)) ={ real-valued continuous functions on (−π, π)},

C([−π, π]) ={ real-valued continuous functions on [−π, π]},

Cper([−π, π]) ={f ∈ C([−π, π]) : f(−π) = f(π)},

C2
per([−π, π]) ={f ∈ C([−π, π]) : f is twice continuous differentiable

with f, f ′, f ′′ ∈ Cper([−π, π])}.
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From the definitions the following inclusions follow immediately

C2
per([−π, π]) ⊂ Cper([−π, π]) ⊂ C([−π, π]) ⊂ C((−π, π)).

We claim that all inclusions are strict. For every inclusion we construct functions
that belong to the larger space but not to the smaller one. Let f, g, h : [−π, π] → R
be given by

f(x) = (π − x)−1,

g(x) = x,

h(x) = |x|.

Then

f ∈ C((−π, π))\C([−π, π]),
g ∈ C([−π, π])\Cper([−π, π]),
h ∈ Cper([−π, π])\C2

per([−π, π]).

5. Yes, this is true. We estimate

|ck(f) − ck(fn)| = |ck(f − fn)| ≤ ∥e−ikx∥L∞(−π,π)∥f − fn∥L1(−π,π) ≤ ∥f − fn∥L1(−π,π).

And the right hand side is uniform in k and infinitesimal as n → ∞.

6. a) All functions fk, k = 1, . . . , 6 are L1(−π, π), so the Fourier coefficients are well
defined.

b) This L2 convergence holds for all functions that are of class L2, thus it is valid
for f1, f2, f3, f4, f5. It is not valid for f6, since f6 /∈ L2 (if the convergence was
true, it would imply that f6 ∈ L2).

Solution of 8.2:

1. We calculate

1
2π

ˆ π

−π

f
(
x+π

n

)
e−inx dx = 1

2π

ˆ π− π
n

−π− π
n

f(y)e−inyeiπ dy = − 1
2π

ˆ π

−π

f(y)e−iny dy = −cn(f),

where we made the change of variables y = x − π
n
, used the periodicity of f and

eiπ = −1. The second equality follows by adding the two different expressions for
cn(f).

2. Using the previous subquestion and the Hölder condition, we find

|cn(f)| =
∣∣∣∣ 1
4π

ˆ π

−π

(
f(x)−f

(
x+π

n

))
e−inx dx

∣∣∣∣ ≤ 1
4π

ˆ π

−π

∣∣∣f(x)−f
(
x+π

n

)∣∣∣ dx ≤ 1
4π

2πC

∣∣∣∣πn
∣∣∣∣α

and the inequality follows for C̃ = 1
2Cπα.
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3. We first establish the Hölder condition for f . We estimate

|f(x + h) − f(x)| ≤
∣∣∣∣ ∞∑
k=0

2−kαei2k(x+h) −
∞∑

k=0
2−kαei2kx

∣∣∣∣ ≤
∞∑

k=0
2−kα

∣∣∣ei2kh − 1
∣∣∣

=
∑

2k≤|h|−1

2−kα
∣∣∣ei2kh − 1

∣∣∣ +
∑

2k>|h|−1

2−kα
∣∣∣ei2kh − 1

∣∣∣
≤

∑
2k≤|h|−1

2−kα 2k|h| +
∑

2k>|h|−1

2 · 2−kα,

where in first sum we estimated |ei2kh −1| ≤ 2k|h|, and for the second sum we simply
used |ei2kh − 1| ≤ 2. The second sum can now be bounded by

∑
2k>|h|−1

2 · 2−kα ≤ 2|h|α
∞∑

k=0
2−kα ≤ 2

1 − 2−α
|h|α.

For the first sum, let m ∈ N be the unique integer such that 2−m−1 < |h| ≤ 2−m (we
assume |h| ≤ 1, otherwise the sum is zero). Then

∑
2k≤|h|−1

2−kα 2k|h| =
m∑

k=0
(2k|h|)1−α|h|α ≤ |h|α

m∑
k=0

(2k−m)1−α ≤ 1
1 − 2α−1 |h|α.

This establishes the Hölder continuity of f . Since the series defining f converges in
L2 (in fact uniformly), the Fourier coefficients can be read off from the definition.
We have

cn(f) =
n−α when n = 2k for some k ∈ N0

0 otherwise
.

Solution of 8.3:

Let f, g ∈ L2([−π, π];C). First, we point out that the Fourier coefficients of fg are
well-defined by Cauchy–Schwarz, since

ck(fg) = 1
2π

ˆ π

−π

f(x)g(x)e−ikxdx,

and we have

|ck(fg)| ≤ 1
2π

ˆ π

−π

|f(x)g(x)| dx

C.S
≤ 1

2π

(ˆ π

−π

|f(x)|2 dx
)1/2 (ˆ π

−π

|g(x)|2 dx
)1/2

= 1
2π

||f ||L2 ||g||L2 < ∞.

Furthermore, since f, g are L2 functions, we know that as N → ∞ we have

SN(f) → f and SN(g) → g in L2.
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Now, using the hints we obtain, for each k ∈ Z

ck(fg) = lim
N

ck(SN(f)SN(g)), (1)

since SN(f)SN(g) → fg in L1.

Then we find for any fixed k ∈ Z and N > |k|

ck(SN(f)SN(g)) = 1
2π

ˆ π

−π

 ∑
|j|≤N

cj(f)eijx

  ∑
|ℓ|≤N

cn(g)eiℓx

 e−ikxdx

= 1
2π

ˆ π

−π

∑
(j,ℓ)∈[−N,N ]2

cj(f)cℓ(g)ei(j+ℓ−k)xdx

= 1
2π

∑
(j,ℓ)∈[−N,N ]2

cj(f)cℓ(g)
ˆ π

−π

ei(j+ℓ−k)xdx︸ ︷︷ ︸
=δj+ℓ−k

=
∑

{(j,ℓ)∈Z2:j+ℓ=k,|j|≤N,|ℓ|≤N}
cj(f)cℓ(g)

=
∑

|m|∨|k−m|≤N

ck−m(f)cm(g),

so, combining this computation with (1), we can conclude provided we show that

lim
N→∞

∑
|m|∨|k−m|≤N

ck−m(f)cm(g) =
∑
m∈Z

ck−m(f)cm(g).

This is a consequence of the dominated convergence Theorem in the measure space
(Z, P(Z), #) since it is equivalent to show that the integral (in this measure space) of

ϕN(m) :=
ck−m(f)cm(g) if |m| ∨ |k − m| ≤ N,

0 otherwise

converge to the integral of ϕ(m) := ck−m(f)cm(g). But then clearly

|ϕN(m)| ≤ |ϕ(m)| for all m ∈ Z,

and ϕ ∈ L1(Z, P(Z), #) since

∑
j∈Z

|cj(f) ck−j(g)| ≤
( ∑

j∈Z
|cj(f)|2

)1/2( ∑
k∈Z

|ck(g)|2
)1/2 Parseval

≤ ∥f∥2∥g∥2 < ∞.

Which completes our proof, since we also proved that the series ∑
j∈Z |cj(f) ck−j(g)| < ∞,

i.e., it is absolutely convergent.
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