D-MATH Analysis IV ETH Ziirich
Problem set 9 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

9.1. Closed answer questions.

L If f € C*(R) and f(z 4 27) = f(z) for all # € R, then necessarily f|_r € C>,7
What about the converse?

2. For which values of & € R and p > 1 we have that {k*} € /#/(N\ {0})? Hint: Recall
that 37> k% <00 < s < —1.

3. Does it exists a continuous and periodic function f such that c(f) < |k|~'/3log |k|
as k — oo?

9.2. Fourier coefficients of a convolution. (BONUS) Let f, g R — C be 27-periodic
continuous functions. Determine the Fourier coefficients of f * g(x f flz—1t)g(t)dt
in terms of the Fourier coefficients of f, g.

9.3. Fourier series on (—7, 7). Which of the following series is the Fourier series of a
function f € L?*((—T,T)) for an appropriate choice of T' > 07 In this case we define the
Fourier coefficients of a function f € L2((=T,T)) as ¢,(f) = 57 f_TT f(z)e™"T"*dz and its
Fourier series as 3,z ¢ (f)e'T".

1. Z Cos(na:) '

sin(nwz)
2. Yonze Vatog(n)®
3. Zzo cos(nx) n:c + Z sin nac)

27rznz

9.4. Poisson’s kernels.

1. For f € L*((—m, 7)), we define

Fo(@) =" ca(f)rlem™ for 0 <r < 1.

nel

Show that f, is well-defined for all » € [0,1) and can be written as a convolution:

™

fr(x) = P, x f(x) ::/ P.(x —y)f(y)dy, where P.( Z In| ginz

- neZ

Remark: P, is known as the Poisson kernel.
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2. Show that
1 1—17r2

Poz) = — - .
(z) 21— 2rcos(z) +1r?

3. Show that the family (P, )o<,<1 is an approximate identity. That is,
« P.>0and [7_ P(z)dz=1forallrel01).
o forall 6 > 0 we have f{5<|m|<w}PT($)dx—>Oasr—>1*.

4. Show that f, converges to f in L'((—m, 7)) asr — 17. Hint: If P, is an approximate
identity and f € L'(R) then || f — P, * f|lz1®) — 0 when 7 — 1.

5. Conclude that if f satisfies ¢, (f) = 0 for all n € Z, then f =0 a.e.

9.5. Wirtinger inequality. () Let u : [a,b] — C be continuous and piecewise C' on a
compact interval [a,b] C R with u(a) = u(b) = 0.

1. Show that , ) -
/ fue)?de < O IR 1)

T2

2. For which functions does equality hold in (1)?
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