D-MATH Analysis IV ETH Ziirich
Problem set 9 F'S 2026

The exercises below are (loosely) listed by increasing difficulty. Questions marked with
(x) can be challenging and are more difficult than the average exam question. You are
encouraged to try and solve them by working in groups if necessary. The question marked
with BONUS is a question that can contribute to extra points in the final exam; refer to
the webpage for more information.

9.1. Closed answer questions.

L If f € C*(R) and f(z 4 27) = f(z) for all # € R, then necessarily f|_r € C>,7
What about the converse?

2. For which values of & € R and p > 1 we have that {k*} € /#/(N\ {0})? Hint: Recall
that 37> k% <00 < s < —1.

3. Does it exists a continuous and periodic function f such that c(f) < |k|~'/3log |k|
as k — oo?

9.2. Fourier coefficients of a convolution. (BONUS) Let f, g R — C be 27-periodic
continuous functions. Determine the Fourier coefficients of f * g(x f flz—1t)g(t)dt
in terms of the Fourier coefficients of f, g.

9.3. Fourier series on (—7, 7). Which of the following series is the Fourier series of a
function f € L?*((—T,T)) for an appropriate choice of T' > 07 In this case we define the
Fourier coefficients of a function f € L2((=T,T)) as ¢,(f) = 57 f_TT f(z)e™"T"*dz and its
Fourier series as 3,z ¢ (f)e'T".

1. Z Cos(na:) '

sin(nwz)
2. Yonze Vatog(n)®
3. Zzo cos(nx) n:c + Z sin nac)

27rznz

9.4. Poisson’s kernels.

1. For f € L*((—m, 7)), we define

Fo(@) =" ca(f)rlem™ for 0 <r < 1.

nel

Show that f, is well-defined for all » € [0,1) and can be written as a convolution:

™

fr(x) = P, x f(x) ::/ P.(x —y)f(y)dy, where P.( Z In| ginz

- neZ

Remark: P, is known as the Poisson kernel.
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2. Show that
1 1—17r2

Poz) = — - .
(z) 21— 2rcos(z) +1r?

3. Show that the family (P, )o<,<1 is an approximate identity. That is,
« P.>0and [7_ P(z)dz=1forallrel01).
o forall 6 > 0 we have f{5<|m|<w}PT($)dx—>Oasr—>1*.

4. Show that f, converges to f in L'((—m, 7)) asr — 17. Hint: If P, is an approximate
identity and f € L'(R) then || f — P, * f|lz1®) — 0 when 7 — 1.

5. Conclude that if f satisfies ¢, (f) = 0 for all n € Z, then f =0 a.e.

9.5. Wirtinger inequality. () Let u : [a,b] — C be continuous and piecewise C' on a
compact interval [a,b] C R with u(a) = u(b) = 0.

1. Show that , ) -
/ fue)?de < O IR 1)

T2

2. For which functions does equality hold in (1)?
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9. Solutions

Solution of 9.1:

L. It’s true. Recall that the functions in Cp,, ([—m,n]) are the functions of class C?
satisfying the periodicity conditions

fP(m) = fB(=m) k=012 (2)
If f is a 27-periodic C? function, then

_4d
Cdx

£ = 2| £+ 2m) = fo+ om)

T

f'(x)

x

and, by iteration, the same holds for f”, thus f € C’ger. The vice-versa is also true,
the only thing to check is that the periodic extension of a function f € C2,.([-,7])
is differentiable in the “junction points” {(2k 4 1)7}rez, but this is exactly given by
the boundary conditions (2).

2. Consider first p = 0o, then we obtain « < 0 since {k“}ren is bounded only in that
case. Let p > 1 now be finite. We have

{k*}pen € P(N) = fj(kay’ < 0.

Note that - -
Sk = kP <oo <= a-p< -1,
k=1 k=1

which can easily be seen using the integral test for the convergence of a series (a.k.a
the Cauchy-Maclaurin test). Thus, {k*}ren € €P(N) if and only if o < —1/p.

3. If f € C,, then in particular f € L? so by Parseval’s theorem

S e ()] < oo, (3)

k=—o00

Now we have

> kI (loglk])? = 2 > |k| 7 (log|k[)* > 2log2 Y |k| 7,
KeZ\{0} k=1 k=2
=0
where we again use that > .5, k* < oo if and only if s < —1 by the Cauchy-
Maclaurin test for the convergence of a series. Thus, if c,(f) =< |k|~'/3log|k| we

have Y j.czlcr(f)|? = oo which contradicts (3).
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Solution of 9.2: We compute

en(fxg) = /_ flx —t)g(t)e ™ dtdr = / / fx—t)e ™M@= g(t)e™" drdt

/_: /_7r e"™g(t)e ™ dydt = o f( )= dy/_:g( Je i dt

- 27TCn CTL g )

where we used Fubini’s theorem to exchange the order of integration, applied a change of
variable y = x — t and used the periodicity of f.

Solution of 9.3: One must check that the series converge in L*((—7,T)). Indeed, if
the series does not converge in L2, then it cannot be the Fourier series of an L? function.
Conversely, if the series does converge in L? then the limit is an L2-function whose

Fourier series, by uniqueness, is given by the expression in question. Since { ﬁezT”$} .
ne

respectively {ﬁ7 Nis cos(Fnx), = Nis sm(fnx)}neN, are orthonormal bases of L?((=T,T)),

convergence in L? is equivalent to the coefficients being square-summable.
1. This is not the Fourier series of an L? function. Indeed, the series 0%, Lis divergent.

2. This is the Fourier series of a function in L*((—1,1)). Indeed, the series 22, m

dx
x log(z)?

is convergent. This can be seen from convergence of the integral f2
©  dy
flog@) y <00

3. This is the Fourier series of a function in L?*((—m,7)). Indeed, the series >°°
and > >, # are both convergent.

n1n4

4. This is the Fourier series of a function in LQ((—%, 1)) Indeed, the series 0% 5
is convergent. In fact, this is even the Fourier series of a continuous function: the
convergence of > >° nxl/ﬁ implies convergence of the Fourier series with respect to

the uniform norm, hence in the space of continuous functions.

Solution of 9.4:
1. Note that

’ Cn / f fmz dx

We thus have 3,7 |cn(f)rI™e™| <32, 771" < 0o for all r € [0,1) by convergence
of the geometric series. Thus, the sum defining f,.(z) converges for each z € (—m, 7).
Using the definition of Fourier coefficients, we find

<—||fHL1 (—m,7))> Vn e€Z.

—zn n| _inz " 1 n| in(x—
Z f vrlnle dy:/ f(y)Q—Zrl le™@=Y) gy = Pox f (),

nezJ —m nez

where we used Fubini to exchange the sum and the integral.
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2. Fix r and x and note that
) e ) ) 0o 00
Z 7a\n|ezn:r; _ Z rheint Z rhe—ine — Z W+ Z wn’
nez n=0 n=1 n=0 n=1

where we defined the complex number w = re*®. Since |w| < 1, the geometric series
above are convergent and we find

i Y 1 +( 1 1> 1 L@ 1— |wf?
= = 1—w 1—-w l—-w 1-w 1-2Rw)+ |w?

We conclude by inserting the definition of w.

3. Since |rcos(z)| < r and 0 < r < 1, the non-negativity of P. can be seen from
the explicit formula. Using the fact that ffﬂ e for all n # 1, we find from the
definition of P,:

s

T 1 T , 1
/ P.(x) = o > rinlen® g = 2/ r'dr =1,
T T

- nezJ —m -

where we used Fubini to exchange the sum and the integral. For the second property,

we write ) )
1—r 1—r

< .
(1 —=7r)2+42r(1 —cos(x)) = 2r(1 — cos(x))
Fix § > 0 and note that 1 — cos(z) > ¢ for some ¢ and all § < |z| < 7. Taking r > 1,

we find P,(z) < (1 —7?) for all # € (—m, 7). Thus, P,(x) — 0 as r — 1 uniformly
on {d < |z| < 7} and the exercise follows.

P.(x) =

4. In order to use the hint we rewrite f, as a function defined on the whole R.
Extending f periodically to (—2m,27) and setting f =0 on R\ (—27, 27), we have
for x € (—m, m)

T+ T+

P+ fla) = / " P — ) f(y) dy = / Poy)f(a —y) dy = / P(y)f(a —y)dy

-7 Tr—T r—T

- [ R —ndy= [ Ry =P,

- R
where we used the change of variables y — x — y and the periodicity of f and P,.
In the final equality, we set P,(y) = 0 outside (—m, 7). Note that f extended in

this way lies in L'(R) and, by the previous subquestion (P, )o<,<1 is an approximate
identity, hence we conclude by using the hint.

Remark: The convergence f,. — f in L' also implies that there is a subsequence
(rk)keny With 7, — 1 such that f,, (z) — f(x) for almost every = € (—m, 7). In fact,
one can show the stronger result f,.(z) — f(x) for almost every x € (—m, ) (without
needing to pick a subsequence), see Theorem 2.1 in Chapter 3 of “Real Analysis:
Measure Theory, Integration, and Hilbert Spaces” by Stein and Shakarchi.
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5. If f € L'((—m,m)) satisfies ¢,(f) = 0 for all n, then f,(z) = 0 for each r € [0, 1).
Since f = lim,_; f, in L', we have f = 0 in L'((—7, 7)), i.e. f(z) = 0 almost
everywhere.

Solution of 9.5:

1. We may assume without loss of generality that a = 0. Otherwise consider the shifted

function u(xz — a). Thus, let u be defined on [0, b]. We extend u to an odd function

n [—b,b] by reflection (i.e. @(—xz) = —u(z)). Since u(0) = 0, the odd extension is

still continuous and piecewise C'. We then extend u further periodically to obtain

a 2b-periodic function @ on R. Once again, since u(b) = 0, we have @ continuous
and piecewise C'. Note that @ has a Fourier series

j 1 b .
u(z) = Z cp(@)e“™  with ¢, (a) = / ii(x)e " dg,
-b

nez 2b

where we set w = 22—’; = 7. Since @ is odd, we have

b
co(t) = 21b/bﬂ(x) dxr = 0.

The Fourier coefficients of the derivative @'(z) satisfy
cn(@) = inw - ey (u), Vn€eZ.

It follows from Parseval’s identity that

/|u (2)Pde =20 Y |inwe,(2)]* = 20w® > n’le, (@)

nez\{0} nezZ\{0} (1)
>2bw® > e (W) =w / ()| da.
neZ\{0}

Since o was the odd extension of u, we have

b b
/ i(z)|* do = 2/ lu(z)|? de, / ' () |? do = 2/ |u/(z)|? da.
—b 0

So (1) follows from (4) when we insert w? = b—g = (I:T)Q (recall a = 0).

2. In (4) we used the inequality > ,cz |cn(@)]? < 3,ez n?|cn(@)]? where co(@) = 0.
Equality holds if and only if ¢, (@) = 0 for all n with n? # 1. Thus, @ must have
c1(1), c_1(u) as its only non-zero Fourier coefficients. Moreover, since 4 is odd, we
must have c¢_; (%) = —c¢;(@). Thus, we have equality in (1) if and only if

() = c1 (@) (e™* — %) = 2ic, (@) sin(wx),

u(x) = C’sin(a i bac)

i.e.

for some C' € C.
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