ANALYSIS IV FS2026: EXAM SYLLABUS

This is the material you are expected to learn for both the oral and the written
examination. Please be aware that also in the written examination you might be
asked to provide a statement/proof/definition. Unless otherwise stated you are
expected to know the proof of every listed result.

1. HILBERT SPACES

Definition of (real and complex) vector spaces and inner product spaces.
Examples: R? | CZ, (2(C), L?(0,1), C([0,1]).

Norms, Cauchy-Schwarz inequality and triangular inequality.
Parallelogram identity, Pythagora’s theorem, Polarisation formulas, Ptolemy
inequality (only statements).

Continuity of the inner product.

e A linear map between two (real of complex) inner product spaces preserves

the inner product if and only if is an isometry.

Examples of norms in finite dimensional vector spaces: 1-norm, p-norm,
Euclidean, maximum norm.

Examples of norms on the space of continuous functions: LP-norms, uniform
norm.

e [P spaces are normed spaces.

Some topological definitions: open ball, interior point, open set, closed set,
convex set, topological vector space, Cauchy sequences, completeness.
Comparison between norms on the same space.

Definition of Hilbert spaces, examples of Hilbert spaces (C¢, ¢2, L?).

A subspace of a Hilbert space is Hilbert if and only if it is closed.

Example of inner product space that is not complete (C([—1,1]), || - |z2),
Notion of density and closure of a set, separability, example of separable
spaces.

Bessel inequality and Parseval identity.
Definition of Hilbert basis.
Completeness criterion for separable Hilbert Spaces.
Existence of an Hilbert basis.
Standard basis of £2.
Example of compactly supported sequences.
Every separable Hilbert space of infinite dimension is isometric to £2.
Existence of the projection on closed subspaces and characterization of the
orthogonal projection.
Projection on closed convex sets.
Nontriviality of the orthogonal space of a closed proper subspace.
Definition of orthogonal complement and its properties.
The orthogonal decomposition is an isometry of Hilbert spaces.
Definition of linear/bounded /unbounded operators.
Example of an unbounded operator (derivative)
Definition of the norm of a linear operator and proof that it is equal to the
Lipschitz constant.
Continuity of linear operators if the dimension is finite.
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Example: the identity is not necessarily continuous if we change the topol-
ogy.

A linear operator between normed vector spaces is continuous if and only
if it is bounded.

Riesz’ representation Theorem of continuous linear functionals on an Hilbert
space and examples of applications.

¢ Radon-Nikodym Theorem (only statement).
e Examples and exercises: L™ ball in L? topology, extension of orthogonality

condition from a dense subset, (un)boundedness of the identity map from
L' to L.

2. FOURIER SERIES

e Definition of Fourier coefficients and Fourier partial sum.
e The Complex Stone Weierstrass Theorem (only statement).
e The Fourier basis forms an Hilbert basis of L?((—,7); C) (proof using the

Complex Stone Weierstrass).

e Fourier series do not uniformly approximate periodic functions.
e Consequences of the fact that the Fourier basis is an Hilbert basis: L2

convergence of partial sums, Parseval’s identity, scalar product in terms of
the Fourier coefficients.

Almost everywhere convergence of the Fourier partial sums: Carleson’s
Theorem (only statement).

e Partial Fourier series in terms of trigonometric functions.
e Examples: Fourier series of trigonometric polynomials, Fourier series of

x and computation of the sum of inverse squares of the integers (Basel’s
problem), Fourier series of 22 (resp. e®) and computation of the infinite
sums Y 1/n* (resp. Y 1/(1 + n?)).

Characterization of real valued functions via their Fourier coefficients.
Convergence criteria for series in Hilbert spaces.

Fourier series of the sign function and of © — |z|.

Regularity of limit functions and convergence of derivatives.

Example: Fourier series of 2% — 222 + 1.

Asymptotic behavior of Fourier coefficients of C'' functions.

Absolute and uniform convergence of Fourier series

Fourier coefficients of higher derivatives (only statement).

Uniform convergence of derivatives (only statement).

Summability of Fourier coefficients implies regularity of the function and
uniform convergence of the Fourier partial sums along the derivatives.
Dirichlet kernel: definition and properties.

Riemann-Lebesgue lemma.

Pointwise convergence of Fourier series for Holder functions.

Relation between the modes of convergence, nested classes of functions, size
of the Fourier coefficients, and convergence of the Fourier partial sums.
Derivation of the heat equation and formal construction of a solution from
the Fourier series.

e Existence and uniqueness of solution for the heat equation.
e Non-existence of solutions of the heat equation in the past.

3. FOURIER TRANSFORM

e Fourier Transform: definition and main properties.
e Convolution and Fourier Transform.
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Fourier transforms of radial functions and of the normal Gaussian distribu-
tion

Fourier transform of the derivative (only statement).

Derivative of the Fourier transform (only statement).

The space of Schwartz Functions and the Inversion Formula.

The Fourier Transform in L?2.

Plancherel’s Identity.

Heisenberg Inequality.

The heat equation and the Fourier Transform.

4. SPECTRAL THEORY

For all the results in this section (listed below) the proofs are not required.

Definitions and examples: bounded operators, kernel and range, relatively
compact set, compact operators.

Characterization of compact operators.

Examples: finite-rank projections and a compact “diagonal” operator.
The identity is not compact in infinite dimension.

Closedness of compact operators

Examples: integral operators.

Definition of adjoint operator.

Existence and uniqueness of the adjoint operator.

Relation between compactness and adjoints.

Examples: right and left shift.

Definition of self-adjoint operator.

Example of a self-adjoint diagonal operator.

Definitions: eigenvalues, eigenvector, resolvent and spectrum.

Basic properties of the spectrum.

Eigenvaues of a diagonal operator.

Fredholm Theory (only the statement in Section 4 of the notes from the
final day of lectures).

Structure of the spectrum of compact operators.

Spectrum of a compact diagonal operator.

Reality of the spectrum.

Invariant subspaces and orthogonality.

Orthogonality of eigenspaces.

Spectral theorem for compact self-adjoint operators.

Spectral theory and PDEs (only Section 8 of the notes from the final day
of lectures).

Examples (see Section 9 of the notes from the final day of lectures).
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