401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 0 — SDE bootcamp sheet

Lecturer: Yuansi Chen Spring 2026

0.1 Probability space setup

We start with a probability space (€2, F,P) where
e ()is the sample space, representing all possible outcomes of a random experiment.
e F is a o-algebra of events (subsets of ) that are measurable.

e P is a probability measure on (2, F), assigning probabilities to events in F.

Random variable A random variable X is a measurable function from the sample
space () to the real numbers R", i.e., X :  — R”. The distribution of X is given by
the pushforward measure Py defined by Px(A) = P(X~!(A)) for any measurable set
A CR".

Stochastic process A stochastic process {X;}, is a collection of random variables
indexed by time t. Each X; is a random variable defined on the same probability space
(Q, F,P).

Filtration A filtration {F;},,, is an increasing family of o-algebras, ie., F; C F
for s < t. It represents the information available up to time ¢. A stochastic process
{Xi}5 is adapted to the filtration {F},, if X; is Fi-measurable for all ¢ > 0.

Brownian motion A Brownian motion (or Wiener process) {B;},., is a stochastic
process with the following properties:

1. B() - O
2. {Bt},5 is continuous with probability 1

3. (independent increment) For any k& € N and {ti}fzo withtg =0 <t < - <,
the random variables By, , — By, for 0 <1 < k — 1, are mutually independent

4. (Gaussian increment) for any 0 < s < t, By — B, is distributed as N (0, (t — s)L,).
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Martingale A stochastic process {Mt}tzo is called a martingale with respect to a
filtration {F},, if it satisfies the following conditions:

1. M, is Fi-measurable for all ¢ > 0 (adaptedness)
2. E|M;| < oo for all £ > 0 (integrability)

3. E[M;|Fs] = M; for all s <t (martingale property)

Markov process A stochastic process { X;}, is called a Markov process if it satisfies
the Markov property:

for all s < t and all measurable sets A C R". Intuitively, this means that the future
evolution of the process depends only on the current state and not on the past history.

Stochastic differential equation (SDE) An SDE is an equation of the form
dXt = b(t, Xt)dt + O'(t, Xt)dBt

where b : R x R" — R" is called the drift term and o : R x R” — R™*" is called the
diffusion term. The solution to an SDE is a stochastic process {X;},., that satisfies
the equation in an integral sense

t t
Xy =Xo+ / b(s, Xs)ds + / o(s, Xs)dBs
0 0

For simplicity, we assume a strong solution exists and is unique for the SDEs we consider
in this course (see e.g. Chapter IX | ] for such conditions).

0.2 Brownian motion essentials that we use in this
course

Marginal distribution For any fixed time ¢ > 0, the random variable B; is dis-
tributed as N (0, tL,).

Scaling property For any ¢ > 0, the process {th /C2} +>0 18 also a Brownian motion.
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Quadratic variation Component-wise, for any 1 < j < n,

Bl:= lm Y |B Bl =t

max; ‘ti+1*ti|‘>0
Then, the quadratic variation of the n-dimensional Brownian motion is given by

[B), == lim > |B,, B,

max; |ti+1*ti|4)0

2:nt.

7

It6 isometry For any adapted process { H},, such that E f(f |H,|” ds < oo, we have

t 2 t
/HSdBS :]E/ |H,|” ds.
0 0

Martingale property For any adapted process { H;},-, such that E fot |H,|* ds < oo,
the stochastic integral { fot HSdBS} is a martingale with respect to the filtration

t>0
{‘Ft}tEO'

E

0.3 Markov semigroup background

Given a Markov process {X;},5, on R™.

Markov semigroup The Markov process induces a Markov semigroup {Pt}tzo acting
on bounded measurable functions ¢ : R™ — R, defined by

Pg(z) = E [g(X3)| Xo = 2]

Key properties of the Markov semigroup The Markov semigroup { P}, satis-
fies the following properties:

1. P, is a linear operator for each ¢t > 0

2. P, is the identity operator (initial condition)

3. P,1 =1, where 1 is the constant function equal to 1 (mass preservation)

4. If ¢ > 0, then P,g > 0 (positivity preserving)

5. Pys = P,P; for all t, s > 0 (semigroup property)

Remark: Markov semigroup is the interface which connects probability and analysis!
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Kernel representation The Markov semigroup can be represented using a transition
kernel p;(z,y) such that

R = [ owmtady )

The kernel p;(x, dy) represents the probability of transitioning from state x to a neigh-
borhood of y in time ¢.

Invariant measure (or stationary measure) A probability measure p on R” is
called an invariant measure for the Markov semigroup { P}, if it satisfies

| Patantan) = [ gan(a

for all bounded measurable functions g : R® — R and all ¢ > 0. Intuitively, this means
that if the initial distribution of Xy is p, then the distribution of X; remains p for all
t>0.

0.4 1Ito’s formula

For g € C? and an SDE dX; = b(t, X;)dt + o(t, X;)dB;, we have
1
dg(X:) = (Vg(Xy),b(t, Xy)) dt + (Vg(Xy),o(t, Xt)) dB; + 5 trace (o(t, X;)o(t, X¢) ' V2g(Xy)) dt.

Intuitively, 1t0’s formula is the stochastic calculus analogue of the chain rule in classical
calculus. It allows us to compute the differential of a function of a stochastic process,
taking into account both the drift and diffusion terms. The diffusion term contributes
an additional second-order term due to the quadratic variation of Brownian motion.

0.5 Infinitesimal generator and Fokker-Planck equa-
tion

Infinitesimal generator The infinitesimal generator £ of a Markov semigroup { P; } >0
is defined by, for suitable function g,

Pa—
Lg = lim W9
t—0 t

Note that the domain of £ consists of functions for which the above limit exists, think
about C'2° functions supported on compact sets for simplicity.
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Infinitesimal generator of an SDE For the SDE dX; = b(t, X;)dt + o(t, X;)d B,
the infinitesimal generator L is given by

Lg(x) = (Vg(x),b(t,z)) + %traee (o(t,z)o(t,2) Vg(z)).

Kolmogorov’s backward equation For any g in the domain of £, define w;(z) =
P,g(z). Then, u, satisfies the partial differential equation (PDE)

Owuy = Lug,  up = g.

Note that we may think P, = e** formally.

Dual semigroup on measures The Markov semigroup {F;},-, also induces a dual
semigroup {Pt*}t20 acting on probability measures v defined by

| s@iwr) = | Rgpid)

for all bounded measurable functions g : R® — R. The dual semigroup P} describes
the evolution of probability measures under the Markov process. We use v P/ to denote
the measure obtained by applying F;" to v.

Fokker-Planck equation For any v in the domain of P}, define vy = vP;. Then, v,
satisfies the PDE

oy =L'v, vy=v,

where L£* is the adjoint operator of £ defined by

[ stwervtdn = [ co@wian

for all g in the domain of £. The Fokker-Planck equation describes the time evolution
of the probability distribution of the state of a stochastic process.

Derive Fokker-Planck equation for an SDE For the SDE dX; = b(t, X;)dt +
o(t, X;)dBy, the Fokker-Planck equation is given by

Ay = =V - (b(t, x)1y) + % Z 0,0;((o(t, x)a(t,z) )iuy).

0.6 Girsanov’s theorem

TODO
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0.7 Canonical examples of Markov processes
0.7.1 Heat process
The heat process is defined by the SDE

dX; = V2dB;.

_ly—=|?

1t dy

e Kernel representation: p;(x,dy) = W@

e Infinitesimal generator: Lg = Ag

e Fokker-Planck equation: 0,1y = Ay,

0.7.2 Ornstein-Uhlenbeck process
The Ornstein-Uhlenbeck (OU) process is defined by the SDE

dXt — —Xtdt + \/ﬁdBt

The OU process can be viewed as a scaled time-reparametrized version of the heat
process, as it can be obtained by applying the scaling property of Brownian motion to
the heat process. Specifically, if we define Y; = e’ X 2:_;, then Y; satisfies the SDE of
the heat process.

2
|y—:r:eft

e Kernel representation: py(x, dy) = We 4(1=e=20) dy
e Infinitesimal generator: Lg = (Vg, —x) + Ag

e Fokker-Planck equation: Oy = V - (npx) + Ay,

0.7.3 Langevin diffusion
The Langevin diffusion is defined by the SDE
dX, = —VU(X,)dt + V2dB,,

where U : R" — R is a smooth function. The Langevin diffusion can be viewed as a
perturbed version of the OU process, where the drift term is modified by the gradient
of the potential function U.

e Kernel representation: no closed-form expression in general

e Infinitesimal generator: Lg = (Vg,—VU) + Ag
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e Fokker-Planck equation: oy =V - (,VU) 4+ Avy.

A note on how we compute the adjoint £*: for any g in the domain of £ and any v in
the domain of £*, we have

[ o@evtan) = [ Lotwmas)
— [(Vo.-vU)ulde) + [ Aglavian
_ / 9(2)V - (VT )da + / o(2) Av(z)dz.
where we used integration by parts in the last step.
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