401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 5 — Time-Reversal Formula
Lecturer: Yuansi Chen Spring 2026

Key concepts:
e Time-reversal formula for diffusion processes

In the last lecture, we used the following fact about the time-reversal of diffusion
processes. If the forward SDE is

dX; = a(Xy, t)dt + o,dBy,
then for X;~ = Xp_,, the time-reversal SDE is given by
dX; = a* (X, t)dt + or_dB,
where the backward drift a* is given by
a(z,t) = —a(x, T —t) + or_107_,Vog pr_(x).

Here p, is the density of X;. In this lecture, we provide a proof of this formula.

5.1 Time-reversal formula

To simplify the discussion, we focus on the one-dimensional case. We would like to
answer two key questions:

e Why is X~ a Markov process?
e What is the SDE satisfied by X7
Theorem 5.1.1. Let T' > 0. Let X; be a diffusion process satisfying the SDE
dX; = a(Xy, t)dt + 0,dBy, (5.1)

where a : R x [0,T] — R is a smooth function and oy > 0 is a smooth function. Let p,
be the density of X;. Then the time-reversal process X{~ = Xp_ satisfies the SDE

dX = a™ (X, t)dt + op_dB;, (5.2)

where the backward drift a* is given by
0
a<—(£> t) = —a(x, T— t) + U%—t% 10g prt(a:)'
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5.2 Proof with semigroup and Fokker-Planck equa-
tion

This proof is due to Haussmann and Pardoux | ]. Because the forward SDE de-
pends on time, we need to extend the semigroup in Lecture 3 to the time-inhomogeneous
case. For 0 < s <, we define the two-parameter semigroup Ps; as

Ps,tg(x) = E[Q(Xt)|Xs = :v]
It satisfies

Ps,s:I7 Ps,tf)t,u:Ps,’m s<t<u.

Transition kernel Let p,.(z,y) be the transition density of the transition kernel of
Py, i.e., we have

Puagle) = [ puate)gto)ds

Infinitesimal generator. For 0 < ¢, we define the infinitesimal generator £, as

P _
»Ctg(x) _ 611)%1 t,t+5.g(w5) g(l’) .

In the case of the SDE (5.1), we can compute £; explicitly. By It6’s formula, we
have

/ 1 " /
(060 = (X0 09/ 0X) + S0t (X)) i + 019/ (X B

Taking expectation and using the Markov property, we have

Pasaale) = 9(0) + (alie, 09 (0) + 302'0)) 5+ 0.

Hence, we have

Lig(x) = a(x,t)g (z) + %Ufg”(x).

Fokker-Planck equation. Let p; be the density of X;. Then the duality argument
shows that p; satisfies the Fokker-Planck equation

Ape(w) = L3 pe(x)

— _(%(a(:c,t)pt(x)) + %@(Ufﬂt(ﬂé’))-
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5.2.1 Reverse transition kernel identity

Let X~ = Xp_4. For 0 <s <t <T, we can write
P(X; € dy, XT € dx) =P(Xr_t € dy, Xr—_s € dx)
= IED(XT,S € dx | XT—t € dy)]P)(XT,t S dy)
= -5y, 2)pr—i(y)drdy.
Additionally, P(X{ € dz) = P(Xr_s € dx) = pr_s(z)dz. Hence, we can define the
reverse transition kernel p ,,(z,y) as
_ s Do)y G gy (53)
pr—s()

We check that it is a valid transition kernel (integrates to 1 and satisfies the Chapman-
Kolmogorov equation):

— —Ss 9 — d
/<557t(a;,y)dy = S pr—ir—s(y, @) pr—i(y)dy _ 1

P(X, edy | X7 =x)

PT—S($)
— — . pT—t,T—s(y>x)pT—t(y) ) PT—u,T_t(Z,y)pT_u(z)
/ ! SJ(ZE; y) Y W(y’ Z)dy a / PT—s(ZU) PT—t(y) d
_ pr*t,Tfs (y, x)pT—u,T—t(Z, y)pru(Z)dy
,OT_S(ZE)
_ pT*uvT*S(%x)pru(Z) _ v
B pr—s(x) sl 2)

Since ? is a valid transition kernel, X~ is a Markov process.

5.2.2 Semigroup proof of the reverse SDE

With the reverse transition kernel, we can define the reverse semigroup P,; as

%

P ig(x) = / P eaz,9)g(y)dy.

Duality identity For two test functions g, h, we have
[Pz = [ o) [ Foalwihto)dvpr.(o)is

2 / 9(x) / pr-1,7-5(Y, ©)pr—t(y) h(y)dydz

E / hy)pr—i(y) / pr-ir-s(y, x)g(x)dxdy

/ h(y)Pr—ir—s9(y) pr—(y)dy. (5.4)
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(i) uses the definition of %, in Eq. (5.3), and (ii) uses Fubini’s theorem. The duality
identity (5.4) is what allows us to connect the Markov semigroup and generators of the
forward and reverse processes.

%
Duality of generators Let £, and £, be the infinitesimal generators of P;,; and
(_
P, respectively. Take t = s+ § in the duality identity (5.4) and divide by §, we have
(_

[ ot Pt D=y
_ /h(y) PTsJ,ng<y)5_ PTfs,Tfsg(y> pT—s—(S(y)dy

+ / h(y)PT—s,T—sg(y) pT—s—(S(y)(s_ pT—S(y) dy

Taking 6 — 0, let u =T — s, we have
/ g(x)fsh(x)pu(:v)dxz / h(y)Lug(y)pu(y)dy — / h(y)g(y)Oupu(y)dy
= / h(y)Lug(y)pu(y)dy — / h(y)g(y)Lopu(y)dy (5.5)

where the last step uses the Fokker-Planck equation. Recall the explicit forms of L,
and L}, we have

1
Lig = alw, g + 507"

. 1
Lip = —(a(x,t)p) + §(Jt2pt)//

Drift part The drift contribution has two parts. The first part is

[ )t g Wiy =~ [ 90) ol b))

where we use integration by parts. The second part is

+/ﬁwmwmmmm@ww.

Adding the two parts together, we have
- /g(y) (aly, w)h(y)pu(y)) dy + / h(y)g(y)(aly, w)pu(y)) dy
—~ [ s @aty. wpul)dy
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Diffusion part The diffusion contribution also has two parts. The first part is

/ h(y)%aig”(y)pu(y)dy = / 9(y) (%Uih(y)pu(y))” dy.

The second part is

- [ M5ty

Adding the two parts together, we have

/ 9(y) (%Uih(y)pu(y))ﬂdy— / h(y)g(y)%(aipu(y))”dy

|
= / 9o, (§h”p + h’p’) dy

Putting the parts together Since Eq. (5.5) holds for any test function g, we have

G ) + W @)
= {—a(w, u) + ai%] h'(z) + %aih”(az).

That is,

I Tt | PR
(o) = |l T = )+ b =] o) 4 Gob o)

Going back from the generator to the diffusion process gives the reverse SDE

- - 2 P/T—t(X;_)
dXt = [—G(Xt ,T — t) + O'T_tm
Remark 1. How did the score term appear in the reverse SDE? In the reverse transition
kernel, Bayes’ rule weights the forward transition density by the marginal density p;.
When we pass from the reverse transition kernel to the reverse generator, this spatial
weight is differentiated, producing the term 0,log p;. Thus the score term comes from
conditioning the forward process on its current marginal law.

} dt + or_,dB;.

5.3 Proof strategy with Girsanov’s theorem

This proof is due to Follmer | ]. We did not cover this proof in class. We only
describe the main idea.
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First consider the case o, = 1:
dXt = a(Xt, t)dt + dBt

Let Q be the path law of X and let P be the standard Brownian motion reference
path law with the same initialization. By Girsanov’s theorem, changing from P to Q
amounts to adding the drift a. Follmer assumes that these two path measures are close
in the sense of finite relative entropy. We do not define this path-space entropy here;
the useful consequence is the finite energy bound

T
E@/ (X, ) dt < oo.
0
This makes the forward stochastic derivative well-defined:
1
a(Xy,t) = l}gg EEQ[XHh - X | A,

for 0 <t < T. Now let Q and P be the images of Q and P under the time-reversal
map. This map is one-to-one, so the same finite-relative-entropy condition holds after
reversing paths. Applying Girsanov to Q¢ then shows that the reversed process has
a drift. Follmer identifies this drift through the backward stochastic derivative of the
original path.

Identifying the reverse drift. Let a* (z,7 —t) denote the reverse drift at the orig-
inal time ¢. For any test function g, Follmer’s integration-by-parts argument compares
the backward derivative with the forward drift:

Eq [a™(Xy, T = t)g(Xe)] = —Eq [a(X:, 1)g(Xy)] — Eq [¢'(X)].-

The first term is the forward drift with sign reversed, while the second term is the Brow-
nian noise contribution. If p; is the density of X; under Q, then ordinary integration
by parts gives

Eq [¢'(X0)] = —Eq [9(X:)0: log pe(X4)]
Substituting this into Follmer’s identity gives
Eg[(a™ (X, T —t) + a(X;,t) — 0z log pe( X)) g(Xt)] = 0.

Since this holds for every g,

a” (x, T —1t) = —a(z,t)+
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For the general SDE in Theorem 5.1.1, we use a reference process with the same
volatility oy and zero drift. The same argument gives the extra factor o7 in the score
term:

a” (2, T —t) = —a(z,t) + 070, log pi(x).
Equivalently,
a“ (x,t) = —a(x, T —t) + 0F_,0,log pr_i().
This is the same time-reversal formula as in Theorem 5.1.1.

Remark 2. The two proof strategies emphasize different viewpoints.

e Semagroup proof: Work with transition kernels, Markov semigroups, and gen-
erators. The score term appears from generator duality and the Fokker-Planck
equation.

o Girsanov proof: Work with path measures Q and P. Girsanov changes the drift
on path space, and integration by parts against the one-time density p; produces
the score term.

Regarding the regularity conditions, the semigroup proof requires smoothness of the tran-
sition kernel and density, while the Girsanov proof only requires a finite-relative-entropy
condition on path space. The Girsanov proof is a bit more robust and can be extended
to infinite-dimensional settings.
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