401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 6 — Error Analysis for Diffusion Models (1)

Lecturer: Yuansi Chen Spring 2026

Key concepts:
e Three errors in practical implementation [ |:

— Initialization error
— Score estimation error

— Discretization error
e Path-space KL divergence and Girsanov’s theorem
e Discretization analysis in | ]

In the last two lectures, we saw that the Ornstein-Uhlenbeck (OU) process inter-
polates between the data distribution and a Gaussian, and that its time reversal is
governed by the score function of the intermediate marginals. The next question is
algorithmic: if we discretize the reverse SDE and replace the exact score by an esti-
mated score, how far is the output law from the target distribution? Do we still get a
polynomial-time algorithm?

The proof below follows Chen et al. | |. Under mild assumptions, the sam-
pling stage of a diffusion model can be analyzed by comparing two path measures: the
exact reverse diffusion and the discretized reverse process. Since these two processes
have the same diffusion coefficient, Girsanov’s theorem converts the discrepancy into
an integral of squared drift mismatch. This path-space KL argument is what yields a
polynomial-time discretization bound.

6.1 Setup

Let ¢ be the target density on R", and let u(dx) = g(x)dx. We run the forward OU
process

dXt = —Xtdt + \/§dBt, XO ~ (. (61)
Let ¢, denote the density of X,. By the explicit solution of the OU process,

X;=e'"Xog+V1—e2Z Z ~ N(0,1,) independent. (6.2)
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Hence ¢; is obtained from ¢ by contraction and Gaussian smoothing.
_ For a fixed time horizon T" > 0, Lecture 5 showed that the reverse process X~ =
Xp_,; satisfies

dX;7 = [X; +2Vioggro( X)) dt + V2dB,, X ~ qr. (6.3)

If we could simulate (6.3) exactly starting from gz, then X5 ~ g.

The practical reverse sampler. In practice, the score V log ¢; is unknown and must
be replaced by an estimator s;(-). We also discretize time. Let

O=to<t1i <---<tg=T, tk:kh, hIE

On each interval [t, tx+1], we freeze the estimated score at the left endpoint and consider
dX, = | Xy + 2570, (Xy,) | dt +V2dB,, € [t tep]- (6.4)

This is the continuous-time interpolation of the DDPM sampler analyzed in | ].
Because the drift is affine in X; on each interval, its one-step update is explicit:

j(\rthrl = 6h)?tk + 2(6h — 1)ST—tk (X'tk) + \V/ €2h — 1€]<;, (65)

where & ~ N(0,1,) are i.i.d and independent of the past.

Three sources of error. There are three conceptually different errors:

e Initialization error: in the algorithm we initialize from the Gaussian ~, =
N(0,L,) instead of ¢r;

e Score estimation error: we use s; instead of V log ¢;;
e Discretization error: even with the exact score, we freeze it on each interval.

The theorem below quantifies all three terms.

6.2 Main theorem
We follow the three main assumptions in | ]

e Assumption 1 (Lipschitz score). For every ¢ > 0, the score Vloggq; is L-
Lipschitz.
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e Assumption 2 (second moment bound). The target satisfies

m2 = Exq|X|* < c0.

e Assumption 3 (discrete score accuracy). For every nonzero grid point t; =
kh, k=1,..., K,

score”

Ex e, |56, (X) — Viog g, (X)|; < &2 (6.6)

To approximate ¢ itself in total variation, we also assume KL(q||y,) < oc.

Theorem 6.2.1 (| |, Theorem 1). Suppose the three assumptions above hold,
L>1,andh S1/L. Let pr be the law of the discretized reverse process (6.4) initialized
at vn. Then

TV(pr.q) S VKL(gly)e™ + (Lvih + Lnsh)VT + georcVT . (6.7)

-~
yfa y y y y o Jeore ectan 29 oy T
Initialization error Discretization error Score estimation error

Interpretation. If KL(g||7,) is polynomial in n, m3 < n, and we choose

2 ~
KL (g e
TXIOg#, thTn,

then, up to logarithmic factors,

- . ~ (L*n
TV (pr,q) < O(€ + €score) with K=0|—]-
€
So once the score estimation problem is solved in the natural L? sense, the reverse-time
sampling stage has polynomial complexity.

6.3 A roadmap of the proof

Let Q% be the path measure of the exact reverse SDE (6.3). Let P¥ be the path
measure of the approximate reverse process (6.4) initialized at gr. Let Py be the same
approximate process initialized at .

The final law pp is the time-T" marginal of Pr, while ¢ is the time-T" marginal of

QF . Therefore
TV(pr,q) < TV(Pr,PT) + TV(PT', Q7). (6.8)

Indeed, we first apply the triangle inequality on path space, and then use the data
processing inequality for the map w +— wy which sends a path to its terminal point.

The first term is purely an initialization mismatch. The second term is the core of
the argument and is controlled by path-space KL divergence.
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6.4 Initialization error

Because P and P4 have exactly the same transition rule and differ only in their initial
distribution, the data processing inequality yields

TV(Pr,P7") < TV (Y, qr). (6.9)

So we only need to understand how close the forward OU process gets to the Gaussian.

Entropy decay along the OU semigroup. The OU semigroup satisfies the de
Bruijn identity

d

S KL@lm) = —Hallm). (6.10)

where I is the relative Fisher information: if ¢, has density f; with respect to ~,, then

ahllm) = / IV 1og 12 £, dy.

Since the Gaussian satisfies the log-Sobolev inequality with constant 1 (see e.g. Lecture
03-04 notes on Log-Sobolev Inequalities and Markov Semigroups'),

1
KL(g[lvn) < S1aellm)- (6.11)
Combining (6.10) and (6.11), we obtain
KL(qr[7a) < e " KL(qll7n). (6.12)

Finally, Pinsker’s inequality gives

TV(Pr, P") < VEKL(grllvm) S vEL(gllym)e ™ (6.13)

This is the first term in (6.7). Alternatively, one could also do explicit KL calculations
using the closed-form solution of the OU process in Eq. (6.2).

6.5 Path-space KL via Girsanov

We now compare Qf and PZ". This is the heart of the proof.

'https://metaphor.ethz.ch/x/2025/fs/401-3382-25L/1ec/Week03-04. pdf
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6.5.1 Drift mismatch
Under Q7 , the process X; solves
dX, = [X, + 2V log qr_(X,)] dt + V2dB,,
while under PZ, on the interval [ty, {x41] it solves
dX, = [ X, + 2574, (X;,)] dt +V/2dB,.

So the drift mismatch on this interval is

Ay = sp_y, (Xy,) — Vog gr_i(Xy), t € [tr, trsa]- (6.14)
Girsanov’s theorem (see Section 6 of Lecture 00 notes) By Girsanov’s theorem,

under mild assumptions, the Radon-Nikodym derivative of Q% with respect to P4 is
given by the exponential martingale

d@; 1 T ) T
— = —— Ayl dt Ay, dBy) | .
o = (= [ Iadgac+ [ (avan)

Then

1 T ) K-1 th1 )
-
KL(Q7 IPF) = 5Bor [ Wifat =Y [ Eor Id3d (613
k=0 vtk
So the entire discretization analysis reduces to controlling the integral of the squared

drift mismatch.

Remark 1 (Technical point: why a stopping argument is needed). Under the minimal
assumptions of [ |, one cannot directly justify the exponential martingale in
Girsanov by a simple Novikov condition. The workaround is to stop the process. Define

¢
TR = inf {tST: / A5 ds > R}/\T. (6.16)
0

For the stopped process, the quadratic variation is bounded by R, so the corresponding
exponential martingale is integrable and Girsanov applies. One obtains the KL identity
up to time TR, and then passes to the limit R — oo using lower semicontinuity of KL.

From path-space KL to the final law. Pinsker’s inequality on path space gives
TV(PF, Q7 )* < KL(QF |PF). (6.17)

Since total variation decreases under marginalization, the same bound controls the TV
distance on the time-7" marginals.
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6.6 Bounding the drift mismatch

We explain the approach in | | to get a comprehensive view of their entire proof,
however, a better proof of this part will be given in the next lecture. Under the exact
reverse path law Q5 , the time-¢ marginal of X; is ¢r_;. In particular,

Xt ~ qr—t,,, X~ qr—t, t € [th, tht]-

Note that it is important to apply Girsanov’s theorem with respect to the exact reverse
path measure Q. , so that we have this nice marginal characterization of Xj.
For t € [ty, txs1], decompose

Ay = ST—t, (th) — Vlog qr—t, (th)
N -~ 7
score estimation term

+ Y log qr—4, (Xt,) — V1og gr—(Xy,)
time vari;?;ion term

+\VIOg C_ZT_t(th) — Vlog QT—t(Xt)J- (618)

-~

spatial variation term

Using |a + b+ ¢|* < |a)® + |b]> + |¢|?, we bound these three pieces separately. The proof
strategy is as follows: the first term uses Assumption 6.6, the third uses Lipschitzness,
and the second uses that gr_;, and gr_; differ by only a short OU step.

6.6.1 Score estimation term

Since T'—ty € {h,2h,..., T}, Assumption (6.6) applies to the reverse-time index T"—ty.
Therefore
E@? HST—tk (th) -V 1Og ar—t;, (th) H; < 62

score*

Integrating over an interval of length h and summing over all intervals, we get

k

K-1 thi1 )
Z / EQ? ||8T—tk (th) -V lOg qr—ty, (th) H2 dt < ngcore' (619)
k=0 't

6.6.2 Spatial variation term
Since V log gr_; is L-Lipschitz,
IV log gr—+(Xy,) — Viog gr(Xy)[l; < L7 | X, — Xy, |*. (6.20)

We need a bound on how far the reverse process moves over one interval. Since under
QY the process is the time reversal of the forward OU process, it is enough to estimate
the movement of the forward process (6.1).
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Lemma 1 (Movement bound). Let 0 < s <t <T and set § =t —s. Then
E|X; — X,|* < nd +m26®. (6.21)

Proof. From the explicit OU formula,

Xi=e'X;+V1—e22  Z~N(,L),
where Z is independent of X,. Therefore

X, — X=X, +V1—e2Z

Taking expectations and using 1 —e™® < § and 1 — e=2° < §, we obtain

E|X: - XS|2 = (1—e)’E ’XS}Q +(1—e®)n

< SE|X,| + on.

Finally, from (6.2),

E !XS‘Q =e R |X0|2 +(1—e*)n <mji+n,
and the nd? term can be absorbed into nd. This proves (6.21). O

Using the lemma with s =T — ¢ and t =T — ¢}, under the forward process, we get
under Q-

Eqs | V1og gr—i(Xe,) — Vioggr—o(Xy)|5 S L? (nh+m3h?). (6.22)
After integrating over t € [ty, tx41] and summing over k,

K-1 tha1
/ Egr |V loggr_o(Xy,) — Vlog qr_(X,)|2dt < LT (nh + m3h?) . (6.23)
k=0 * tk

6.6.3 Time variation term

qr—t, and gp_, differ by a short OU step. If 6 =t — t;, then
qr—t, = Ssuqr—i * N(0, (1 — e 2)I,,), Ss(z) = e x. (6.24)

Here Ssuqr—+ denotes the pushforward of ¢r_; under the map z +— e %z. So the
difference between the two scores comes from a small contraction = — e %z and a small
Gaussian smoothing.

We first record the score perturbation lemma proved by Chen et al. | ,
Lemma 16, stated in the n-dimensional form relevant here.
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Lemma 2 (Lemma 16 of | ). Let 0 < ¢ < 1. Suppose My, My € R™", where
My is symmetric positive definite and || Mo — L[|, < ¢. Let ¢ = e M be a probability
density on R™ such that VH is L-Lipschitz, and assume

1
<
4 HM1||0p

L
Then for every 6 € R™,
IV log (Mo)xq * N(0,M1)) (6) — Viogq(B)],

S Ly JIMllgy o+ LCI0)+ (C+ LML, ) IVH@) ], (625)

Proof sketch. First, consider the pure smoothing case My = 1,,. For fixed 6, define

1

) oxexp (=3 0 - 00170 — ) ) gla),
where M; ! is understood on range(M;). Differentiating under the integral shows that
Vlog (¢ N(0,M)) (0) — Veg q(0) = Eq, [VH(6")] — VH(0).
Taking norms and using the Lipschitzness of VH gives
IV log (4 = N (0, 1)) (6) — Vlog a(6)l], < LE,, 10 ~0].
Now the negative log-density of ¢y is
1
Hy(#) := H#) + 3 (0—0,M7'(0-0)).

Since VH is L-Lipschitz, the choice of L makes it strongly convex

1

V2H, = (||Mly|;1 _ L) I, —— T,
P 2| Milly,

So gy is strongly log-concave. Let 6, be its mode. Lemma 5 yields

]qu |9/ - 9*| S./ \/ HM1H0p n.

On the other hand, the optimality condition at the mode gives
VH(,)+ M0, —6) =0,
and hence

16 = 61 S 1Ml IVHO), -
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Combining the last three displays proves

IV 1og (g + N'(0, My)) (0) — Viog q(0) |, S Ly /| Millg, n+ L[ Milly, [VHO)]], -

For general M, decompose

Vlog ((Mo)4q * N(0, My)) (0) — Vlog q(0)
= [Vlog ((Mo)xq * N(0, My)) (0) — Vlog (Mo)4q) (0)]
+ [Vlog ((Mo)4q) (0) — Viogq(0)] .

The first bracket is controlled by the previous argument applied to the pushed-forward
density, whose smoothness remains O(L) because M, is (-close to the identity. The
second bracket is controlled directly by Taylor expansion and the bound || Mo — L[|, <
¢, which gives

IV log ((Mo)xq) (0) = Vlegq(0)|l, S LE1O1 + CIVH(9)]], -
Combining the two bounds yields (6.25). O
Applying Lemma 2 to the short OU step gives the time variation bound.

Lemma 3 (Short OU-step specialization). Let 6 =t —t;, € [0,h]. If h < 1/L, then for
every x € R,

IV log gri, () = Vioggr—i(z) ||y S L*nh + Lh? [ + (1 + L*)B* |V 1og gri(2)|3 -
(6.26)

Proof. Set

q:=qr_s, H :=—loggq, My = eI, M, := (1 — e )I,.
Then (6.24) reads

qr—1, = (Mo)yq * N(0, My).
Also
Co=Mo =Ll =1—e?<h,  [M,=1-e*<h
Because 6 < h < 1/L, the smallness assumption in Lemma 2 holds. Therefore
IV 10g gr—s, (x) = Vioggr—i(x)lly S LVnh + Lh[a| + (h + Lh) [|VH ()],

Since ||[VH(z)|, = ||V 1logqr—+(z)|l,, squaring and using (a + b+ ¢)* < a® + b* + 2
gives (6.26). O
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Applying (6.26) with z = X;_and taking expectation under Q% , with moment
bounds from Lemma 4, we obtain

Eqs IV log g, (X4,) — Vlog QT—t(th)Hg S L*nh + LQhQEQT—tk |X|2

+ (1+ L*)P?Ey,_, ||V log gr—(X)]l3
(6.27)

Using Lemma 4, the right-hand side is bounded by
L*nh + L*m2h? + (1 4+ LA? - Ln < L*nh + L*m2h?,

where the last step uses L > 1 and 2 < 1/L to absorb the extra L>nh? term into L*nh.
Therefore

k

K—-1 g
>, / Egs | V1og gr 4, (X,) — Viog gro(Xy, )l dt S LT (nh+m3h®) . (6.28)
k=0 /1t

6.6.4 Other routine estimates

Lemma 4 (Moment and score bounds). For every t > 0,
Exeg | X|> <nVvms, (6.29)
and
Ex~q ||V 1ogq(X)|; < Ln. (6.30)

Proof. The moment bound (6.29) follows immediately from (6.2).

For the score bound, write ¢, = eVt so that Vlogq, = —VU,. Since Vlogg, is L-
Lipschitz, so is VU;, hence AU; < Ln. Consider the Langevin generator with invariant
law ¢,

Lif =Af—(VU,Vf).
Since ¢; is invariant for this generator,
0 = By, [CiU4] = By [AU] — By, [[VU|? < Ln — E,, VU3
Therefore

Eq, ||V log ¢:(X)|3 = E,, |VU(X)]; < Ln.
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Lemma 5 (Distance to the mode for strongly log-concave measures). Let v(dz) =
Z7e V@ dx be a probability measure on R, where V € C? satisfies

V2V (z) = pl,  forall z € R"
for some p > 0. Let x, € argmin V. Then

E, X — > <Z. (6.31)
P

n
p

By Cauchy-Schwarz inequality, we also have E, | X — z,| <

Proof. Since z, minimizes V, we have VV (z,) = 0. By strong convexity,
(VV(x),z —z,) > ple —z,? for all z € R".

For each coordinate ¢ on the LHS, integration by parts gives

0= / 0; ((x; — w0y)e @) dx
= / (1 — (2 — 24,)0;V(2)) eV @y,

Dividing by Z and summing over i = 1,...,n yields E, (VV(X), X — z,) = n. Com-
bining this with the previous strong convexity bound gives

n=E, (VV(X),X —xz)>pE, |X —z]*.

0
6.7 Concluding the proof
Combining (6.19), (6.23), and (6.28), we obtain
K=1 .
/ Eqs |AS dt < (€200 + L*nh + L*m3h?) T. (6.32)
k=0 vtk
By (6.15) and (6.17),
TV(PY, Q) < (200 + Lnh + Lm2h?) > VT. (6.33)
Using vVa + b+ ¢ < va+ Vb + /¢, we get
TV(PE, Q%) S escore VT + (Ly/nh + Lmah) VT. (6.34)

Finally, combining (6.34) with the initialization bound (6.13) and the decomposi-
tion (6.8), we obtain Theorem 6.2.1.
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Remark 2. The structure of the proof is worth remembering:

. T
path-space KL Girsanov, / squared drift mismatch
0

three-term decomposition

TV bound on the output law.
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