
401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 6 – Error Analysis for Diffusion Models (1)
Lecturer: Yuansi Chen Spring 2026

Key concepts:

• Three errors in practical implementation [HJA20]:

– Initialization error

– Score estimation error

– Discretization error

• Path-space KL divergence and Girsanov’s theorem

• Discretization analysis in [CCL+22]

In the last two lectures, we saw that the Ornstein-Uhlenbeck (OU) process inter-
polates between the data distribution and a Gaussian, and that its time reversal is
governed by the score function of the intermediate marginals. The next question is
algorithmic: if we discretize the reverse SDE and replace the exact score by an esti-
mated score, how far is the output law from the target distribution? Do we still get a
polynomial-time algorithm?

The proof below follows Chen et al. [CCL+22]. Under mild assumptions, the sam-
pling stage of a diffusion model can be analyzed by comparing two path measures : the
exact reverse diffusion and the discretized reverse process. Since these two processes
have the same diffusion coefficient, Girsanov’s theorem converts the discrepancy into
an integral of squared drift mismatch. This path-space KL argument is what yields a
polynomial-time discretization bound.

6.1 Setup

Let q be the target density on Rn, and let µ(dx) = q(x)dx. We run the forward OU
process

dX̄t = −X̄tdt+
√
2dBt, X̄0 ∼ q. (6.1)

Let qt denote the density of X̄t. By the explicit solution of the OU process,

X̄t = e−tX̄0 +
√
1− e−2tZ, Z ∼ N (0, In) independent. (6.2)
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Hence qt is obtained from q by contraction and Gaussian smoothing.
For a fixed time horizon T > 0, Lecture 5 showed that the reverse process X←t =

X̄T−t satisfies

dX←t = [X←t + 2∇ log qT−t(X
←
t )] dt+

√
2dB̃t, X←0 ∼ qT . (6.3)

If we could simulate (6.3) exactly starting from qT , then X←T ∼ q.

The practical reverse sampler. In practice, the score∇ log qt is unknown and must
be replaced by an estimator st(·). We also discretize time. Let

0 = t0 < t1 < · · · < tK = T, tk = kh, h =
T

K
.

On each interval [tk, tk+1], we freeze the estimated score at the left endpoint and consider

dX̂t =
[
X̂t + 2sT−tk(X̂tk)

]
dt+

√
2dB̃t, t ∈ [tk, tk+1]. (6.4)

This is the continuous-time interpolation of the DDPM sampler analyzed in [CCL+22].

Because the drift is affine in X̂t on each interval, its one-step update is explicit:

X̂tk+1
= ehX̂tk + 2(eh − 1)sT−tk(X̂tk) +

√
e2h − 1 ξk, (6.5)

where ξk ∼ N (0, In) are i.i.d and independent of the past.

Three sources of error. There are three conceptually different errors:

• Initialization error: in the algorithm we initialize from the Gaussian γn =
N (0, In) instead of qT ;

• Score estimation error: we use st instead of ∇ log qt;

• Discretization error: even with the exact score, we freeze it on each interval.

The theorem below quantifies all three terms.

6.2 Main theorem

We follow the three main assumptions in [CCL+22].

• Assumption 1 (Lipschitz score). For every t ≥ 0, the score ∇ log qt is L-
Lipschitz.
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• Assumption 2 (second moment bound). The target satisfies

m2
2 := EX∼q |X|2 < ∞.

• Assumption 3 (discrete score accuracy). For every nonzero grid point tk =
kh, k = 1, . . . , K,

EX∼qtk ∥stk(X)−∇ log qtk(X)∥22 ≤ ε2score. (6.6)

To approximate q itself in total variation, we also assume KL(q∥γn) < ∞.

Theorem 6.2.1 ([CCL+22], Theorem 1). Suppose the three assumptions above hold,
L ≥ 1, and h ≲ 1/L. Let pT be the law of the discretized reverse process (6.4) initialized
at γn. Then

TV(pT , q) ≲
√

KL(q∥γn)e−T︸ ︷︷ ︸
Initialization error

+(L
√
nh+ Lm2h)

√
T︸ ︷︷ ︸

Discretization error

+ εscore
√
T︸ ︷︷ ︸

Score estimation error

. (6.7)

Interpretation. If KL(q∥γn) is polynomial in n, m2
2 ≲ n, and we choose

T ≍ log
KL(q∥γn)

ε
, h ≍ ε2

L2n
,

then, up to logarithmic factors,

TV(pT , q) ≤ Õ(ε+ εscore) with K = Õ

(
L2n

ε2

)
.

So once the score estimation problem is solved in the natural L2 sense, the reverse-time
sampling stage has polynomial complexity.

6.3 A roadmap of the proof

Let Q←T be the path measure of the exact reverse SDE (6.3). Let PqT
T be the path

measure of the approximate reverse process (6.4) initialized at qT . Let PT be the same
approximate process initialized at γn.

The final law pT is the time-T marginal of PT , while q is the time-T marginal of
Q←T . Therefore

TV(pT , q) ≤ TV(PT ,PqT
T ) + TV(PqT

T ,Q←T ). (6.8)

Indeed, we first apply the triangle inequality on path space, and then use the data
processing inequality for the map ω 7→ ωT which sends a path to its terminal point.

The first term is purely an initialization mismatch. The second term is the core of
the argument and is controlled by path-space KL divergence.
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6.4 Initialization error

Because PT and PqT
T have exactly the same transition rule and differ only in their initial

distribution, the data processing inequality yields

TV(PT ,PqT
T ) ≤ TV(γn, qT ). (6.9)

So we only need to understand how close the forward OU process gets to the Gaussian.

Entropy decay along the OU semigroup. The OU semigroup satisfies the de
Bruijn identity

d

dt
KL(qt∥γn) = −I(qt∥γn), (6.10)

where I is the relative Fisher information: if qt has density ft with respect to γn, then

I(qt∥γn) =
∫

∥∇ log ft∥22 ft dγn.

Since the Gaussian satisfies the log-Sobolev inequality with constant 1 (see e.g. Lecture
03–04 notes on Log-Sobolev Inequalities and Markov Semigroups1),

KL(qt∥γn) ≤
1

2
I(qt∥γn). (6.11)

Combining (6.10) and (6.11), we obtain

KL(qT∥γn) ≤ e−2TKL(q∥γn). (6.12)

Finally, Pinsker’s inequality gives

TV(PT ,PqT
T ) ≲

√
KL(qT∥γn) ≲

√
KL(q∥γn)e−T . (6.13)

This is the first term in (6.7). Alternatively, one could also do explicit KL calculations
using the closed-form solution of the OU process in Eq. (6.2).

6.5 Path-space KL via Girsanov

We now compare Q←T and PqT
T . This is the heart of the proof.

1https://metaphor.ethz.ch/x/2025/fs/401-3382-25L/lec/Week03-04.pdf

6-4

https://metaphor.ethz.ch/x/2025/fs/401-3382-25L/lec/Week03-04.pdf


401-4634-24L Lecture 6 Spring 2026

6.5.1 Drift mismatch

Under Q←T , the process Xt solves

dXt = [Xt + 2∇ log qT−t(Xt)] dt+
√
2dBt,

while under PqT
T , on the interval [tk, tk+1] it solves

dXt = [Xt + 2sT−tk(Xtk)] dt+
√
2dBt.

So the drift mismatch on this interval is

∆t := sT−tk(Xtk)−∇ log qT−t(Xt), t ∈ [tk, tk+1]. (6.14)

Girsanov’s theorem (see Section 6 of Lecture 00 notes) By Girsanov’s theorem,
under mild assumptions, the Radon-Nikodym derivative of Q←T with respect to PqT

T is
given by the exponential martingale

dQ←T
dPqT

T

= exp

(
−1

2

∫ T

0

∥∆t∥22 dt+
∫ T

0

⟨∆t, dBt⟩
)
.

Then

KL(Q←T ∥PqT
T ) =

1

2
EQ←T

∫ T

0

|bt|2 dt =
K−1∑
k=0

∫ tk+1

tk

EQ←T ∥∆t∥22 dt. (6.15)

So the entire discretization analysis reduces to controlling the integral of the squared
drift mismatch.

Remark 1 (Technical point: why a stopping argument is needed). Under the minimal
assumptions of [CCL+22], one cannot directly justify the exponential martingale in
Girsanov by a simple Novikov condition. The workaround is to stop the process. Define

τR = inf

{
t ≤ T :

∫ t

0

∥∆s∥22 ds ≥ R

}
∧ T. (6.16)

For the stopped process, the quadratic variation is bounded by R, so the corresponding
exponential martingale is integrable and Girsanov applies. One obtains the KL identity
up to time τR, and then passes to the limit R → ∞ using lower semicontinuity of KL.

From path-space KL to the final law. Pinsker’s inequality on path space gives

TV(PqT
T ,Q←T )2 ≲ KL(Q←T ∥PqT

T ). (6.17)

Since total variation decreases under marginalization, the same bound controls the TV
distance on the time-T marginals.
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6.6 Bounding the drift mismatch

We explain the approach in [CCL+22] to get a comprehensive view of their entire proof,
however, a better proof of this part will be given in the next lecture. Under the exact
reverse path law Q←T , the time-t marginal of Xt is qT−t. In particular,

Xtk ∼ qT−tk , Xt ∼ qT−t, t ∈ [tk, tk+1].

Note that it is important to apply Girsanov’s theorem with respect to the exact reverse
path measure Q←T , so that we have this nice marginal characterization of Xt.

For t ∈ [tk, tk+1], decompose

∆t = sT−tk(Xtk)−∇ log qT−tk(Xtk)︸ ︷︷ ︸
score estimation term

+∇ log qT−tk(Xtk)−∇ log qT−t(Xtk)︸ ︷︷ ︸
time variation term

+∇ log qT−t(Xtk)−∇ log qT−t(Xt)︸ ︷︷ ︸
spatial variation term

. (6.18)

Using |a+ b+ c|2 ≲ |a|2+ |b|2+ |c|2, we bound these three pieces separately. The proof
strategy is as follows: the first term uses Assumption 6.6, the third uses Lipschitzness,
and the second uses that qT−tk and qT−t differ by only a short OU step.

6.6.1 Score estimation term

Since T−tk ∈ {h, 2h, . . . , T}, Assumption (6.6) applies to the reverse-time index T−tk.
Therefore

EQ←T ∥sT−tk(Xtk)−∇ log qT−tk(Xtk)∥
2
2 ≤ ε2score.

Integrating over an interval of length h and summing over all intervals, we get

K−1∑
k=0

∫ tk+1

tk

EQ←T ∥sT−tk(Xtk)−∇ log qT−tk(Xtk)∥
2
2 dt ≤ Tε2score. (6.19)

6.6.2 Spatial variation term

Since ∇ log qT−t is L-Lipschitz,

∥∇ log qT−t(Xtk)−∇ log qT−t(Xt)∥22 ≤ L2 |Xt −Xtk |
2 . (6.20)

We need a bound on how far the reverse process moves over one interval. Since under
Q←T the process is the time reversal of the forward OU process, it is enough to estimate
the movement of the forward process (6.1).
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Lemma 1 (Movement bound). Let 0 ≤ s ≤ t ≤ T and set δ = t− s. Then

E
∣∣X̄t − X̄s

∣∣2 ≲ nδ +m2
2δ

2. (6.21)

Proof. From the explicit OU formula,

X̄t = e−δX̄s +
√
1− e−2δZ, Z ∼ N (0, In),

where Z is independent of X̄s. Therefore

X̄t − X̄s = (e−δ − 1)X̄s +
√

1− e−2δZ.

Taking expectations and using 1− e−δ ≤ δ and 1− e−2δ ≲ δ, we obtain

E
∣∣X̄t − X̄s

∣∣2 = (1− e−δ)2E
∣∣X̄s

∣∣2 + (1− e−2δ)n

≲ δ2E
∣∣X̄s

∣∣2 + δn.

Finally, from (6.2),

E
∣∣X̄s

∣∣2 = e−2sE
∣∣X̄0

∣∣2 + (1− e−2s)n ≤ m2
2 + n,

and the nδ2 term can be absorbed into nδ. This proves (6.21).

Using the lemma with s = T − t and t = T − tk under the forward process, we get
under Q←T

EQ←T ∥∇ log qT−t(Xtk)−∇ log qT−t(Xt)∥22 ≲ L2
(
nh+m2

2h
2
)
. (6.22)

After integrating over t ∈ [tk, tk+1] and summing over k,

K−1∑
k=0

∫ tk+1

tk

EQ←T ∥∇ log qT−t(Xtk)−∇ log qT−t(Xt)∥22 dt ≲ L2T
(
nh+m2

2h
2
)
. (6.23)

6.6.3 Time variation term

qT−tk and qT−t differ by a short OU step. If δ = t− tk, then

qT−tk = Sδ#qT−t ∗ N (0, (1− e−2δ)In), Sδ(x) = e−δx. (6.24)

Here Sδ#qT−t denotes the pushforward of qT−t under the map x 7→ e−δx. So the
difference between the two scores comes from a small contraction x 7→ e−δx and a small
Gaussian smoothing.

We first record the score perturbation lemma proved by Chen et al. [CCL+22,
Lemma 16], stated in the n-dimensional form relevant here.
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Lemma 2 (Lemma 16 of [CCL+22]). Let 0 < ζ < 1. Suppose M0,M1 ∈ Rn×n, where
M1 is symmetric positive definite and ∥M0 − In∥op ≤ ζ. Let q = e−H be a probability
density on Rn such that ∇H is L-Lipschitz, and assume

L ≤ 1

4 ∥M1∥op
.

Then for every θ ∈ Rn,

∥∇ log ((M0)#q ∗ N (0,M1)) (θ)−∇ log q(θ)∥2
≲ L

√
∥M1∥op n+ Lζ |θ|+

(
ζ + L ∥M1∥op

)
∥∇H(θ)∥2 . (6.25)

Proof sketch. First, consider the pure smoothing case M0 = In. For fixed θ, define

qθ(dθ
′) ∝ exp

(
−1

2

〈
θ − θ′,M−1

1 (θ − θ′)
〉)

q(dθ′),

where M−1
1 is understood on range(M1). Differentiating under the integral shows that

∇ log (q ∗ N (0,M1)) (θ)−∇ log q(θ) = Eqθ [∇H(θ′)]−∇H(θ).

Taking norms and using the Lipschitzness of ∇H gives

∥∇ log (q ∗ N (0,M1)) (θ)−∇ log q(θ)∥2 ≤ LEqθ |θ′ − θ| .

Now the negative log-density of qθ is

Hθ(θ
′) := H(θ′) +

1

2

〈
θ − θ′,M−1

1 (θ − θ′)
〉
.

Since ∇H is L-Lipschitz, the choice of L makes it strongly convex

∇2Hθ ⪰
(
∥M1∥−1op − L

)
In ⪰ 1

2 ∥M1∥op
In.

So qθ is strongly log-concave. Let θ⋆ be its mode. Lemma 5 yields

Eqθ |θ′ − θ⋆| ≲
√

∥M1∥op n.

On the other hand, the optimality condition at the mode gives

∇H(θ⋆) +M−1
1 (θ⋆ − θ) = 0,

and hence

|θ⋆ − θ| ≲ ∥M1∥op ∥∇H(θ)∥2 .
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Combining the last three displays proves

∥∇ log (q ∗ N (0,M1)) (θ)−∇ log q(θ)∥2 ≲ L
√
∥M1∥op n+ L ∥M1∥op ∥∇H(θ)∥2 .

For general M0, decompose

∇ log ((M0)#q ∗ N (0,M1)) (θ)−∇ log q(θ)

= [∇ log ((M0)#q ∗ N (0,M1)) (θ)−∇ log ((M0)#q) (θ)]

+ [∇ log ((M0)#q) (θ)−∇ log q(θ)] .

The first bracket is controlled by the previous argument applied to the pushed-forward
density, whose smoothness remains O(L) because M0 is ζ-close to the identity. The
second bracket is controlled directly by Taylor expansion and the bound ∥M0 − In∥op ≤
ζ, which gives

∥∇ log ((M0)#q) (θ)−∇ log q(θ)∥2 ≲ Lζ |θ|+ ζ ∥∇H(θ)∥2 .

Combining the two bounds yields (6.25).

Applying Lemma 2 to the short OU step gives the time variation bound.

Lemma 3 (Short OU-step specialization). Let δ = t− tk ∈ [0, h]. If h ≲ 1/L, then for
every x ∈ Rn,

∥∇ log qT−tk(x)−∇ log qT−t(x)∥22 ≲ L2nh+ L2h2 |x|2 + (1 + L2)h2 ∥∇ log qT−t(x)∥22 .
(6.26)

Proof. Set

q := qT−t, H := − log q, M0 := e−δIn, M1 := (1− e−2δ)In.

Then (6.24) reads

qT−tk = (M0)#q ∗ N (0,M1).

Also

ζ := ∥M0 − In∥op = 1− e−δ ≲ h, ∥M1∥op = 1− e−2δ ≲ h.

Because δ ≤ h ≲ 1/L, the smallness assumption in Lemma 2 holds. Therefore

∥∇ log qT−tk(x)−∇ log qT−t(x)∥2 ≲ L
√
nh+ Lh |x|+ (h+ Lh) ∥∇H(x)∥2 .

Since ∥∇H(x)∥2 = ∥∇ log qT−t(x)∥2, squaring and using (a + b + c)2 ≲ a2 + b2 + c2

gives (6.26).
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Applying (6.26) with x = Xtk and taking expectation under Q←T , with moment
bounds from Lemma 4, we obtain

EQ←T ∥∇ log qT−tk(Xtk)−∇ log qT−t(Xtk)∥
2
2 ≲ L2nh+ L2h2EqT−tk

|X|2

+ (1 + L2)h2EqT−t
∥∇ log qT−t(X)∥22 .

(6.27)

Using Lemma 4, the right-hand side is bounded by

L2nh+ L2m2
2h

2 + (1 + L2)h2 · Ln ≲ L2nh+ L2m2
2h

2,

where the last step uses L ≥ 1 and h ≲ 1/L to absorb the extra L3nh2 term into L2nh.
Therefore

K−1∑
k=0

∫ tk+1

tk

EQ←T ∥∇ log qT−tk(Xtk)−∇ log qT−t(Xtk)∥
2
2 dt ≲ L2T

(
nh+m2

2h
2
)
. (6.28)

6.6.4 Other routine estimates

Lemma 4 (Moment and score bounds). For every t ≥ 0,

EX∼qt |X|2 ≤ n ∨m2
2, (6.29)

and

EX∼qt ∥∇ log qt(X)∥22 ≤ Ln. (6.30)

Proof. The moment bound (6.29) follows immediately from (6.2).
For the score bound, write qt = e−Ut so that ∇ log qt = −∇Ut. Since ∇ log qt is L-

Lipschitz, so is ∇Ut, hence ∆Ut ≤ Ln. Consider the Langevin generator with invariant
law qt,

Ltf = ∆f − ⟨∇Ut,∇f⟩ .

Since qt is invariant for this generator,

0 = Eqt [LtUt] = Eqt [∆Ut]− Eqt ∥∇Ut∥22 ≤ Ln− Eqt ∥∇Ut∥22 .

Therefore

Eqt ∥∇ log qt(X)∥22 = Eqt ∥∇Ut(X)∥22 ≤ Ln.
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Lemma 5 (Distance to the mode for strongly log-concave measures). Let ν(dx) =
Z−1e−V (x)dx be a probability measure on Rn, where V ∈ C2 satisfies

∇2V (x) ⪰ ρIn for all x ∈ Rn

for some ρ > 0. Let x⋆ ∈ argminV . Then

Eν |X − x⋆|2 ≤
n

ρ
. (6.31)

By Cauchy-Schwarz inequality, we also have Eν |X − x⋆| ≤
√

n
ρ
.

Proof. Since x⋆ minimizes V , we have ∇V (x⋆) = 0. By strong convexity,

⟨∇V (x), x− x⋆⟩ ≥ ρ |x− x⋆|2 for all x ∈ Rn.

For each coordinate i on the LHS, integration by parts gives

0 =

∫
Rn

∂i
(
(xi − x⋆,i)e

−V (x)
)
dx

=

∫
Rn

(1− (xi − x⋆,i)∂iV (x)) e−V (x)dx.

Dividing by Z and summing over i = 1, . . . , n yields Eν ⟨∇V (X), X − x⋆⟩ = n. Com-
bining this with the previous strong convexity bound gives

n = Eν ⟨∇V (X), X − x⋆⟩ ≥ ρEν |X − x⋆|2 .

6.7 Concluding the proof

Combining (6.19), (6.23), and (6.28), we obtain

K−1∑
k=0

∫ tk+1

tk

EQ←T ∥∆t∥22 dt ≲
(
ε2score + L2nh+ L2m2

2h
2
)
T. (6.32)

By (6.15) and (6.17),

TV(PqT
T ,Q←T ) ≲

(
ε2score + L2nh+ L2m2

2h
2
)1/2√

T . (6.33)

Using
√
a+ b+ c ≤

√
a+

√
b+

√
c, we get

TV(PqT
T ,Q←T ) ≲ εscore

√
T +

(
L
√
nh+ Lm2h

)√
T . (6.34)

Finally, combining (6.34) with the initialization bound (6.13) and the decomposi-
tion (6.8), we obtain Theorem 6.2.1.
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Remark 2. The structure of the proof is worth remembering:

path-space KL
Girsanov−−−−−→

∫ T

0

squared drift mismatch

three-term decomposition−−−−−−−−−−−−−−→ TV bound on the output law.
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