401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 9 — ODE and flow-based generative models
Lecturer: Yuansi Chen Spring 2026

Key concepts:

Probability flow ODE and connection to Fokker-Planck equation

Denoising Diffusion Implicit Models (DDIM) as a generalization of DDPM

Flow matching

Rectified flow matching and its advantages over traditional flow matching

9.1 Probability low ODE and Fokker-Planck
Recall the forward OU process from Lecture 04
dX, = —X,dt + V2dB,, X, ~ q.

Let ¢, denote the density of X,. Then the time-reverse process X~ = Xr_;,t € [0, 7]
satisfies the following SDE

AX; = [X7 +2Viogqr_ (X)) dt +V2dB,, X& ~ qr.

Counsider the ODEs

d

EYtZ—Y;ﬁ—VlogCIt(Yt)a Yo ~q (9.1)
d
Y=Y+ Viegara (V") YT ~ar (9:2)

Theorem 9.1.1 (Probability flow ODE for OU process). The ODEs (9.1) and (9.2)
have the same marginal distribution as the forward and reverse QU process, respectively.

In particular, we have Y, < X, and Y.~ L X5 forallt €[0,T].

We prove a more general result for SDEs with additive isotropic noise, which includes
Theorem 9.1.1 as a special case.
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Lemma 1 (Probability low ODE for an additive-noise SDE). Consider the following
SDE

dX, = b(X,, t)dt + V2dB,, X, ~ q.
Let q; be the density of X;. Then the following ODE

d
£K=%OLQ—VMQME% Yo ~ ¢

has the same marginal distribution as the SDE, i.e., Y; 2z Xy for allt € ]0,T].
Proof. Recall from Lecture 05 that the Fokker-Planck equation for the SDE is given by
Ot = —V - (bqr) + Agy.
Recall also that it was obtained via
e Apply It6’s formula to h(X;) for a test function h and take expectation
e Use integration by parts to move the derivatives from h to ¢;.

Additionally, we may write the Fokker-Planck equation as
dqr = =V - [qvi] (9.3)

where v, := (b(+,t) — Vlog ¢;) is the velocity field of the probability flow ODE.

Eq. (9.3) is the continuity equation for an ODE Now let

d
%E—wﬁ) Yy ~q.

Let p; be the density of Y;. We claim that p; also satisfies the same PDE (9.3).
Take a test function h, differentiate and use chain rule, we have

d d
%h(yt) = Vh(Y,) - %Y}

= Vh(Y)) - v (V).
Note that E[h = [ h(z)pi(z)dz. We have two ways of differentiating E[h(Y;)]:

CE(Y) = [ ez
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LRih(y,) = E[VAY,) - 0,(%)]

dt
— /Vh(a:) ~vy(x) pe(w)d
_ / W(@)V - (vn(@)pr())da

The last step is by integration by parts.

Since the above holds for any test function h, we conclude that p; also satisfies, in weak
form

Oipr = =V - (vipy).

Thus ¢; and p; solve the same continuity equation with the same initial condition
qo = po = q. Under the usual regularity assumptions ensuring uniqueness of solutions
to the continuity equation, we obtain p; = ¢; for all ¢ € [0, T]. O

Theorem 9.1.1 follows immediately from Lemma 1 by plugging in the drifts of the
forward and reverse OU processes.

Remark 1 (Why is it called continuity equation?). The PDE (9.3) is called the con-
tinuity equation because it describes the conservation of probability mass. The term
V - (qvy) represents the divergence of the probability flux, which indicates how the prob-
ability density q; changes over time due to the flow induced by the velocity field v,. If
there are no sources or sinks of probability, the total probability mass remains constant,
and the continuity equation ensures that this conservation law is satisfied.

9.2 Denoising Diffusion Implicit Models (DDIM)

Given the reverse-time grid with early stopping time ¢ > 0,
O=to<ti <---<tg=T—9,
with hy = tiy1 — tr. Recall that DDPM is a discretization of the reverse SDE
dX{ = [X; +2Viog qr_ (X)) dt +V2dB,,  X{ ~ qr,

on a non-uniform grid. A naive Euler-Maruyama discretization of the above SDE would
give, writing sr_+(+) as an estimate for Vlog gr_(-),

Xpsr ~ Xi + he | Xe + 2574, ()A(k;)] + V2h&k, & ~N(0,L,).
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DDPM is not exactly Euler-Maruyama, but agrees with it up to first order
The actual update rule of DDPM | , | is given by

)?k+1 = el )?k +(1- 672h’“)STftk(55k)} + Bk&m & ~ N(0,1,).

~ 2
where (3, = (1 — e_%k)b’z—él and b? = 1 — e 2(T=%)_ Tt is derived with the exact forward
k
OU transition

Xroy, =M™ Xry  +V1—e2MZ Zi ~N(0,L),

and the exact Gaussian bridge formula for the law of Xp_;, o | X1y, Xo (for the
advantages that we will explain in Lecture 11).

9.2.1 Deterministic DDIM
Deterministic DDIM is a time-discretization of the probability flow ODE

d
%Yf_ =Y," +Vlogqr_(Y,"), Yy ~aqr.

on a non-uniform grid. Again, a naive FKuler discretization would give

}/}k+1 ~ ?k + Dy, [?k + STftk<?k)] .

DDIM is not exactly Euler, but agrees with it up to first order The actual
update rule of DDIM | | is given by

}/}k—O—l = eh’“?k + (eh’“bi - bkbk—H) STt (i}k)
where b7 = 1 — e 2T=%)_ It is derived with the exact forward ODE (9.1).

Proof. Write a; :== e~ "9 and b, := V1 — e=2(T—9. Define

~ Y.~
V=t
Qg
by

T(t) :== .

Since a} = a; and 7/(t) = —1/(a:b;), the probability-flow ODE gives

d ~ 1
EYt = a—tng qr—+(Y;7),
d

dr

57t = —b;Vlog QTft(atﬁ)-
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An Euler step from 7, = 7(tx) to g1 = T(tks1) gives

Yirr = Yi — bp(hsr — )V log gry, (Vi)
Yipr = aps1 Vi = €Y, + (ehkbi — bkka) Vlog qr—, (Yi).

9.2.2 DDIM as an interpolation

For each n € [0, 1], consider the following continuous-time reverse process interpolating
between the reverse SDE and the probability flow ODE:

dY,” = [Y," + (1 +0*)Viegar_(Y,7)] dt + V2ndB,, Yy ~ qr.
e When 1 =1, we recover the reverse SDE for the OU process.

e When 1 = 0, we recover the probability flow ODE.

The general stochastic DDIM | | uses the update rule

Yirr = Y, + (6}”“5% — b/ by — n25k> s, (Vi) + A/ Brnér, & ~ N(0,1L,),

~ 2
where 3}, = (1—6_2}"“)17’;—;1 and b? = 1—e~2T=%) Again it agrees with Euler-Maruyama
k/.
up to the first order.

9.3 General ODE flows

In this section, pg, p1,p; denote a generic flow path to emphasize the time now goes
from 0 to 1. Let’s forget about diffusion for a moment and consider deterministic flows
defined by ODEs. Let py be an easy base distribution (e.g., Gaussian) and p; be a target
distribution. We want to find an ODE flow that transforms py to p;. A time-dependent
vector field v; : R™ — R"™ defines an ODE flow via

d
EYt =v(Y1), Yo~ po.

Let p; be the density of Y;. The continuity equation for the above ODE flow is

Opr = =V - (Ptvt)'
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Along the trajectory of the ODE flow, we have

%pt(yt) = oip(V2) + Vp(Yy) - %Yt
==V - (pv)(Y;) + Vp(Yy) - v (V)

= _Pt(Yt)V : Ut(Yi)-

Hence,

d
pr logp(Y;) = =V - v(Y2).

This can be viewed as a continuous-time analogue of the change-of-variable formula.
This gives continuous normalizing flows (CNFs) | |. CNFs learn v; by maxi-
mizing the likelihood of the data p; under the ODE flow.

1
rngirll[FlYINp1 {— log po(Yo) —I—/ V- vg(t,Yt)dt} ,
0

where Y; is obtained by solving the ODE backward from Y; = y.

9.4 Flow matching

We want a path of distributions p; connecting py and p;. But we do not know the
vector field vy that defines the ODE flow. Flow matching | ] is a method to
learn v; from samples of p;. Instead of first learning a score and then converting it into
an ODE, we choose a probability path and regress onto its velocity field.

Let Z denote hidden conditioning variables, for example, Z = (X, X;) where X ~
po and X7 ~ p;. We can construct a path of distributions p; by defining a conditional
distribution p;(- | Z = z) for each z. If we also know a conditional velocity field
u(- | Z = z) such that the continuity equation holds

opi(- | Z=2) ==V (- | Z =2)w(- | Z = 2)),
then define
vi(x) == Elu(z | Z) | X = 2,

where X; ~ p;. Then the ODE flow defined by v; also has marginal distribution p; at
time ¢.
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9.4.1 Rectified flow matching

Rectified flow matching | | is a particularly simple flow-matching construction.
Let

Xo~po=N(0,1,), Xi~p, Z=(Xo, X1),

with a coupling between X, and X;. The simplest version uses the independent cou-
pling, i.e., Xy and X are independent. The path of distributions is given by

Xe=(1-t)Xo+tXy, te]0,1].
The conditional velocity field along this line is constant
w(-| Z) = X1 — Xo.
The rectified low matching objective is

m@inEth’Xl va(t, (1 — t)Xo + tXl) - (X1 - XO)H% .
Sampling is done by solving

d
%YQIUG(@YE); YE)NPO

Why “rectified”? Rectification refers to reusing the learned flow to create a better
coupling between py and p;, then retraining. It tends to allow accurate sampling with
fewer ODE steps.
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