
401-4634-24L: Computational and Statistical Aspects of Diffusion Models

Lecture 9 – ODE and flow-based generative models
Lecturer: Yuansi Chen Spring 2026

Key concepts:

• Probability flow ODE and connection to Fokker-Planck equation

• Denoising Diffusion Implicit Models (DDIM) as a generalization of DDPM

• Flow matching

• Rectified flow matching and its advantages over traditional flow matching

9.1 Probability flow ODE and Fokker-Planck

Recall the forward OU process from Lecture 04

dX̄t = −X̄tdt+
√
2dBt, X̄0 ∼ q.

Let qt denote the density of X̄t. Then the time-reverse process X←t = X̄T−t, t ∈ [0, T ]
satisfies the following SDE

dX←t = [X←t + 2∇ log qT−t(X
←
t )] dt+

√
2dB̃t, X←0 ∼ qT .

Consider the ODEs

d

dt
Yt = −Yt −∇ log qt(Yt), Y0 ∼ q (9.1)

d

dt
Y ←t = Y ←t +∇ log qT−t(Y

←
t ), Y ←0 ∼ qT (9.2)

Theorem 9.1.1 (Probability flow ODE for OU process). The ODEs (9.1) and (9.2)
have the same marginal distribution as the forward and reverse OU process, respectively.

In particular, we have Yt
d
= X̄t and Y ←t

d
= X←t for all t ∈ [0, T ].

We prove a more general result for SDEs with additive isotropic noise, which includes
Theorem 9.1.1 as a special case.
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Lemma 1 (Probability flow ODE for an additive-noise SDE). Consider the following
SDE

dXt = b(Xt, t)dt+
√
2dBt, X0 ∼ q.

Let qt be the density of Xt. Then the following ODE

d

dt
Yt = b(Yt, t)−∇ log qt(Yt), Y0 ∼ q

has the same marginal distribution as the SDE, i.e., Yt
d
= Xt for all t ∈ [0, T ].

Proof. Recall from Lecture 05 that the Fokker-Planck equation for the SDE is given by

∂tqt = −∇ · (bqt) + ∆qt.

Recall also that it was obtained via

• Apply Itô’s formula to h(Xt) for a test function h and take expectation

• Use integration by parts to move the derivatives from h to qt.

Additionally, we may write the Fokker-Planck equation as

∂tqt = −∇ · [qtvt] , (9.3)

where vt := (b(·, t)−∇ log qt) is the velocity field of the probability flow ODE.

Eq. (9.3) is the continuity equation for an ODE Now let

d

dt
Yt = vt(Yt), Y0 ∼ q.

Let ρt be the density of Yt. We claim that ρt also satisfies the same PDE (9.3).
Take a test function h, differentiate and use chain rule, we have

d

dt
h(Yt) = ∇h(Yt) ·

d

dt
Yt

= ∇h(Yt) · vt(Yt).

Note that E[h(Yt)] =
∫
h(x)ρt(x)dx. We have two ways of differentiating E[h(Yt)]:

•

d

dt
E[h(Yt)] =

∫
h(x)∂tρt(x)dx
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•

d

dt
E[h(Yt)] = E[∇h(Yt) · vt(Yt)]

=

∫
∇h(x) · vt(x)ρt(x)dx

= −
∫

h(x)∇ · (vt(x)ρt(x))dx

The last step is by integration by parts.

Since the above holds for any test function h, we conclude that ρt also satisfies, in weak
form

∂tρt = −∇ · (vtρt).

Thus qt and ρt solve the same continuity equation with the same initial condition
q0 = ρ0 = q. Under the usual regularity assumptions ensuring uniqueness of solutions
to the continuity equation, we obtain ρt = qt for all t ∈ [0, T ].

Theorem 9.1.1 follows immediately from Lemma 1 by plugging in the drifts of the
forward and reverse OU processes.

Remark 1 (Why is it called continuity equation?). The PDE (9.3) is called the con-
tinuity equation because it describes the conservation of probability mass. The term
∇· (qtvt) represents the divergence of the probability flux, which indicates how the prob-
ability density qt changes over time due to the flow induced by the velocity field vt. If
there are no sources or sinks of probability, the total probability mass remains constant,
and the continuity equation ensures that this conservation law is satisfied.

9.2 Denoising Diffusion Implicit Models (DDIM)

Given the reverse-time grid with early stopping time δ > 0,

0 = t0 < t1 < · · · < tK = T − δ,

with hk = tk+1 − tk. Recall that DDPM is a discretization of the reverse SDE

dX←t = [X←t + 2∇ log qT−t(X
←
t )] dt+

√
2dB̃t, X←0 ∼ qT ,

on a non-uniform grid. A naive Euler-Maruyama discretization of the above SDE would
give, writing sT−t(·) as an estimate for ∇ log qT−t(·),

X̂k+1 ≈ X̂k + hk

[
X̂k + 2sT−tk(X̂k)

]
+
√
2hkξk, ξk ∼ N (0, In).
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DDPM is not exactly Euler-Maruyama, but agrees with it up to first order
The actual update rule of DDPM [HJA20, SSDK+20] is given by

X̂k+1 = ehk

[
X̂k + (1− e−2hk)sT−tk(X̂k)

]
+

√
β̃kξk, ξk ∼ N (0, In).

where β̃k = (1− e−2hk)
b2k+1

b2k
and b2k = 1− e−2(T−tk). It is derived with the exact forward

OU transition

X̄T−tk = e−hkX̄T−tk+1
+
√
1− e−2hkZk, Zk ∼ N (0, In),

and the exact Gaussian bridge formula for the law of X̄T−tk+1
| X̄T−tk , X̄0 (for the

advantages that we will explain in Lecture 11).

9.2.1 Deterministic DDIM

Deterministic DDIM is a time-discretization of the probability flow ODE

d

dt
Y ←t = Y ←t +∇ log qT−t(Y

←
t ), Y ←0 ∼ qT .

on a non-uniform grid. Again, a naive Euler discretization would give

Ŷk+1 ≈ Ŷk + hk

[
Ŷk + sT−tk(Ŷk)

]
.

DDIM is not exactly Euler, but agrees with it up to first order The actual
update rule of DDIM [SME20] is given by

Ŷk+1 = ehk Ŷk +
(
ehkb2k − bkbk+1

)
sT−tk(Ŷk).

where b2k = 1− e−2(T−tk). It is derived with the exact forward ODE (9.1).

Proof. Write at := e−(T−t) and bt :=
√
1− e−2(T−t). Define

Ỹt :=
Y ←t
at

,

τ(t) :=
bt
at
.

Since a′t = at and τ ′(t) = −1/(atbt), the probability-flow ODE gives

d

dt
Ỹt =

1

at
∇ log qT−t(Y

←
t ),

d

dτ
Ỹt = −bt∇ log qT−t(atỸt).
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An Euler step from τk = τ(tk) to τk+1 = τ(tk+1) gives

Ỹk+1 = Ỹk − bk(τk+1 − τk)∇ log qT−tk(Ŷk),

Ŷk+1 = ak+1Ỹk+1 = ehk Ŷk +
(
ehkb2k − bkbk+1

)
∇ log qT−tk(Ŷk).

9.2.2 DDIM as an interpolation

For each η ∈ [0, 1], consider the following continuous-time reverse process interpolating
between the reverse SDE and the probability flow ODE:

dY ←t =
[
Y ←t + (1 + η2)∇ log qT−t(Y

←
t )

]
dt+

√
2ηdB̃t, Y ←0 ∼ qT .

• When η = 1, we recover the reverse SDE for the OU process.

• When η = 0, we recover the probability flow ODE.

The general stochastic DDIM [SME20] uses the update rule

Ŷk+1 = ehk Ŷk +

(
ehkb2k − bk

√
b2k+1 − η2β̃k

)
sT−tk(Ŷk) +

√
β̃kηξk, ξk ∼ N (0, In),

where β̃k = (1−e−2hk)
b2k+1

b2k
and b2k = 1−e−2(T−tk). Again it agrees with Euler–Maruyama

up to the first order.

9.3 General ODE flows

In this section, p0, p1, pt denote a generic flow path to emphasize the time now goes
from 0 to 1. Let’s forget about diffusion for a moment and consider deterministic flows
defined by ODEs. Let p0 be an easy base distribution (e.g., Gaussian) and p1 be a target
distribution. We want to find an ODE flow that transforms p0 to p1. A time-dependent
vector field vt : Rn → Rn defines an ODE flow via

d

dt
Yt = vt(Yt), Y0 ∼ p0.

Let pt be the density of Yt. The continuity equation for the above ODE flow is

∂tpt = −∇ · (ptvt).

9-5



401-4634-24L Lecture 9 Spring 2026

Along the trajectory of the ODE flow, we have

d

dt
pt(Yt) = ∂tpt(Yt) +∇pt(Yt) ·

d

dt
Yt

= −∇ · (ptvt)(Yt) +∇pt(Yt) · vt(Yt)

= −pt(Yt)∇ · vt(Yt).

Hence,

d

dt
log pt(Yt) = −∇ · vt(Yt).

This can be viewed as a continuous-time analogue of the change-of-variable formula.
This gives continuous normalizing flows (CNFs) [CRBD18]. CNFs learn vt by maxi-
mizing the likelihood of the data p1 under the ODE flow.

min
θ

EY1∼p1

[
− log p0(Y0) +

∫ 1

0

∇ · vθ(t, Yt)dt

]
,

where Yt is obtained by solving the ODE backward from Y1 = y.

9.4 Flow matching

We want a path of distributions pt connecting p0 and p1. But we do not know the
vector field vt that defines the ODE flow. Flow matching [LCBH+22] is a method to
learn vt from samples of pt. Instead of first learning a score and then converting it into
an ODE, we choose a probability path and regress onto its velocity field.

Let Z denote hidden conditioning variables, for example, Z = (X0, X1) where X0 ∼
p0 and X1 ∼ p1. We can construct a path of distributions pt by defining a conditional
distribution pt(· | Z = z) for each z. If we also know a conditional velocity field
ut(· | Z = z) such that the continuity equation holds

∂tpt(· | Z = z) = −∇ · (pt(· | Z = z)ut(· | Z = z)),

then define

vt(x) := E[ut(x | Z) | Xt = x],

where Xt ∼ pt. Then the ODE flow defined by vt also has marginal distribution pt at
time t.
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9.4.1 Rectified flow matching

Rectified flow matching [LGL22] is a particularly simple flow-matching construction.
Let

X0 ∼ p0 = N (0, In), X1 ∼ p1, Z = (X0, X1),

with a coupling between X0 and X1. The simplest version uses the independent cou-
pling, i.e., X0 and X1 are independent. The path of distributions is given by

Xt = (1− t)X0 + tX1, t ∈ [0, 1].

The conditional velocity field along this line is constant

ut(· | Z) = X1 −X0.

The rectified flow matching objective is

min
θ

Et,X0,X1 ∥vθ(t, (1− t)X0 + tX1)− (X1 −X0)∥22 .

Sampling is done by solving

d

dt
Yt = vθ(t, Yt), Y0 ∼ p0.

Why “rectified”? Rectification refers to reusing the learned flow to create a better
coupling between p0 and p1, then retraining. It tends to allow accurate sampling with
fewer ODE steps.
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